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Abstract 

We study the decay of convolution powers of a large family fis,a of 
measures on finitely generated nilpotent groups. Here, S = (si, . . . , Sk) is 
a generating fc-tuple of group elements and a — (ai, . . . , a*.) is a fc-tuple 
of reals in the interval (0,2). The symmetric measure [Ms,a is supported 
by S* = {s™, 1 <!<(;, ra 6 Z) and gives probability proportional to 

(l + m)-^- 1 

to sf m , i = 1, . . . , k, m 6 N. We determine the behavior of the probability 
of return lAg a (e) as n tends to infinity. This behavior depends in somewhat 
subtle ways on interactions between the fc-tuple a and the positions of the 
generators Si within the lower central series Gj = [Gj-i,G], Gi = G. 

1 Introduction 

Generating sets play an essential role in the theory of countable groups. This 
is obvious when a group is defined by generators and relations or when a group 
is defined as the subgroup generated by a given finite subset of elements in a 
much larger group. In this context, the larger ambient group serves as a sort of 
"black box" that encodes the law of the group. 

Given a group G with finite symmetric generating set A, the simple random 
walk on G can be interpreted as a way to randomly explore the group G. Starting 
at the identity element e, the position of the walk at time n is the product 
£i . . . £ n where the G- valued random variables & are independent equidistributed 
with law given by the uniform probability on the set A. More generally, given 
a probability measure /i on G, the random walk driven by fi corresponds to 
taking the sequence to be i.i.d. with law [i and the position at time n has 
distribution fJ- n \ the n-fold convolution product of fi with itself. In particular, 
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P e (£i . . . £ n = e ) = fJ>( n '(e). In the case of the simple random walk based on the 
generating set A, \i = | ^4 1 — 1 X ^4 . 

Not surprisingly, many aspects of the behavior of these random processes 
are closely related to the algebraic and geometric property of the underlying 
group G. Harry Kesten introduced this question in his Ph.D. thesis published 
in 1958. One of Kesten's fundamental results states that, for a random walk 
driven by a symmetric measure with generating support, the probability of 
return, P e (£i •• •£« = e )j decays exponentially fast if and only the group G is 
non-amenable. See P~51 [T2] . 

1.1 The measures ^i S a 

This is the first of a series of papers where we study a natural family of ran- 
dom walks driven by measures /is, a which are defined as follows. The letter S 
represents a finite generating tuple, i.e., a list S = (si, S2, . . . , Sk) of generators 
(repetitions are permitted). In addition, we are given a fc-tuple a of (extended) 
positive reals a = (0.1,012, ■ ■ ■ , ctk), on G (0, 00]. The measure us, a allows long 
steps along any of the one-parameter group (si) — {sf : n £ Z}, 1 < i < k. 
The probability of such a long step along (sj) is given by a power law whose 
exponent on is the i-th entry of the tuple a. Namely, we set, 

k 

»sA9) = I E c M E + \ m \y at ^ T ( 9 ) (1.1) 

i=l mgZ 

where 

c(a)" 1 =E(l + M)- a - 1 . 

z 

We make the somewhat arbitrary convention that if a = 00 then (l-f-|m|)~ a_1 = 

unless m = 0, ±1 in which case (l + lml) - "^ 1 = 1. Note that fis,a is symmetric, 
that is, satisfies ^s^ig^ 1 ) = Hs,a{g)- We can also describe ns,a as the push- 
forward of the probability measure fi a 011 the free group on /c generators Sj, 

1 < i < k, which gives probability 

Ma (s± m ) = fc- 1 c(a,)(l + H)-"*- 1 to sf m . 
Indeed, if ir is the projection from onto G which sends Sj to Sj, 

VsAg) = Mo(7r _1 (ff)). 

On Z, the power laws /i a (±fe) = c(a)(l + |/c|) _Q_1 are very natural proba- 
bility measures. For a € (0, 2), /i Q can be viewed as a discrete version of the 
symmetric stable laws which is the probability distribution on R whose Laplace 
transform is e - ' 2 ''". 

The main result of this paper, Theorem 11.21 below . describes the behavior of 

n ^ M S ,a( e ) 
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when G is any given finitely generated nilpotent group, S is any given finite 
generating tuple of elements of G and the entries of the tuple a are in (0,2). 
What makes this problem interesting is the interaction between the nature of the 
long jumps allowed in the directions of each generators and the non-commutative 
structure of the group. As we shall see, the behaviors of the random walks driven 
by the measures fxs, a capture a wealth of information on the algebraic structure 
of G. 

Because of the results of [H] — in particular, Theorem 11.91 stated below — 
the very precise form of the measure ^s,a defined at (jl.ip is not really essential 
in determining the behavior of n > ^g a {e). Indeed, any symmetric measure u 
on G such that cv < /j,s,a < Cv will satisfy 

v^[e) < K$l(e) and (e) < Kv^\e) 

for some k, K independent of n. 

1.2 The case of Z d 

In the simplest non-trivial case where G = Z 2 = {(x,y) : x,y £ Z}, S — 
{(1, 0), (0, 1)} and a = (ct^o^) £ (0, oo] 2 , it is not hard to see that /ij^(e), 
e = (0, 0), behaves as follows. Set 

a = min{a, 2}, — = — h — and 7 = : on = 2}. 

p a\ 0:2 

1- If 2 ^ {a u a 2 }, fj^l(e) ~ c(a u a 2 )n-W; 
2. If 2 G {«i,a 2 }, ^(e) -n-V^bgn)-^ 2 . 

Here and in the rest of this paper ~ and ~ are used with the following 
meaning. For two functions /, g defined either over the positive reals or the 
natural numbers, we say that / ~ g (usually, at or infinity), if \\mf/g = 1. 
We say that / ~ g if there are constants c\ such that 

cif(c 2 t) < g(t) < c 3 /(c 4 t) 

(in a neighborhood of the relevant value, usually or infinity). We recommend 
to restrict the use of ~ to cases where one of the two functions / or g is monotone. 

Next, let us review briefly what happens when G = Z d and S — (si, . . . , s&), 
k > d. By hypothesis, <S* is generating. Given a — (ai, . . . , afc), we extract from 
S a d-tuplc S = (ai, . . . , ad) using the following algorithm. Set Si = {<7i = s^} 
where a ix = minja^ : 1 < i < k}. For t > 1, if 

St = (01, • ■ • , cr t ), <Ti = Si 1( . . . , a t = Si t 

have been chosen, pick a t+ i = s it+1 in {s^ : 1 < i < k} with the properties 
that Oii t+1 = minjckj : j $ {ii, . . . , i t }} and the rank of the lattice generated by 
Et+i = E{ U {0-4+1} is (strictly) greater than the rank of the lattice generated 
by S f . Note that the final ci-tuple E might not generates Z d but does generate 
a lattice of finite index in Z d . Set a(E) = (a^, . . . , Q>i d ). 
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Theorem 1.1. Let G = 7L d . Let S — (sj)f be a generating k-tuple. Let a — 
(cti)i £ (0, oo] fc . LetYi = (o~i)f and a(E) be obtained from (S, a) by the algorithm 
described above. Set 

1 d 1 

7 = #{j £{!,..., d}: a l3 = 2} and - = ^ — 
where a = min{o!, 2}. TTien u;e have 

With some work, this result can be extracted from [5]. 
1.3 The main result in its simplest form 

The goal of this paper is to prove the following theorem together with more 
sophisticated assorted results. 

Theorem 1.2. Let G be a nilpotent group equipped with a generating k-tuple 
S = (si)i and a — {ai)\ £ (0, oo] k . Assume that the subgroup generated by 
{si : cti < 2} is of finite index in G. Then there exists a real D > depending 
on (G, S, a) such that 

(") I \ -D 

This statement suggests further questions including the following three: 

• Can we compute D? how does it depends on S, a and G? 

• What happen if the subgroup generated by {si : cti < 2} is not of finite 
index in G? 

• What happens on other groups? In particular, how does Theorem 11.21 
generalize to finitely generated groups of polynomial volume growth? 

The first question will be answer completely in this paper. Indeed, we would 
not be able to prove the above theorem without a detailed understanding of 
how to compute the real D. The exact value of D depends in an intricate 
and interesting way on (a) the commutator structure of G, (b) the position of 
the generators Si in the commutator structure of G and (c) the values of the 
parameters cti. See Theorem II. 81 in the next subsection. 

The second question is rather subtle and will not be completely elucidated 
in this paper although some partial results will be obtain in this direction. 

In its full generality, the third question is too wide ranging to be discussed 
here in details. Partial results for various classes of groups (e.g., some classes 
of solvable groups and free groups) will be discussed elsewhere. The question 
regarding groups of polynomial growth is tantalizing but appears surprisingly 
difficult to attack. 
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1.4 Weight systems and the value of D 

The goal of this section is to give the reader a clear idea of the key ingredients 
that enter the exact computation of the real D governing the behavior of Msa( e ) 
in Theorem 11.21 

Consider S = (si,...,Sfc) as a formal alphabet equipped with a weight 
system ro which assigns weight Wi e (0, oo) to the letter Sj, 1 < i < k. We 
extend our alphabet by adjoining to each Sj its formal inverse s" 1 . Using this 
alphabet, we build the set £(S, m) of all formal commutators of length m by 
induction on m. Commutators of length 1 are the letters in S l±1 . Commutators 
of length m are the formal expression c of the form c = [c\, C2] where c%, C2 are 
commutators of length mi, rri2 > 1 with mi + m,2 = m. 

The commutators of length 2 are (the ±1 must be understood here as inde- 
pendent of each other) 

[sf^sf 1 ], l<i,j<k. 
The commutators of length 3 are 

[[s^sfUf 1 ], [sf'Asf^sf 1 }}, l<i,j,£<k. 

For 1 < ii, i2, «3, ia < fc, the commutators of length 4 are 

[[[^U^U^U^ [[stMst\4 3 %€h H 1 '*?]^ 1 ,*?]] 

To any formal commutators we can associate its build-word and its group- 
word. The build- word of a commutator c is the word over S that list the 
entries of c in order after one removes brackets and ±1. So, the build- word of 
c = [[sf^ , sf*], [sf^sf^]} is s il s l2 s i3 s^. The group word is the word on S ±x 
obtained by applying repeatedly the group rules 

[ci,c 2 ] _1 = [c 2 ,ci] and [ci,c 2 ] = c^c^c^. 

So the group-word of c = [[si, sj 1 ], sg] is sj s^ 1 sj 1 SisJ 1 s^ 1 sjstsj 1 sg. 

Definition 1.3 (Power weight systems). Given a fc-tuple (si, . . . , Sk) of formal 
letters and a fc-tuple (w%, . . . ,Wk) of positive reals, define the weight system fo 
on €(S) by setting (inductively) 

w(c) = w(ci) + w(c 2 ) if c = [ci,c 2 ]. 

Let 

Wl < W2 < ■ ■ ■ < Wj < ■ ■ ■ 

be the increasing sequence of the weight values of the weight system to. For 
j = 1, 2, . . . , let df be the set of all commutators c with w(c) > Wj. 
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Clearly, the weight of a formal commutator is the sum of the weights of the 
letters appearing in its build-word. If S — (s%, S2) and w\ —3,W2 — 13/2, then 
the weight- value sequence is 

W\ — 3, W2 — 6, W3 — 13/2, W4 — 9, W5 — 12, w@ = 25/2, W7 = 13, . . . 

Given a group G generated by a fc-tuple S — (si, . . . , Sfe), any finite word w 
on the alphabet S^ 1 has a well defined image 7Tg(w) in G. Similarly, any formal 
commutator c on the alphabet S ±x has an image in G given by its group- word 
representation. 

Definition 1.4 (Group filtration associated to to). Let G be a nilpotent group 
equipped with a generating /c-tuple S — (si, ...,«*) and a weight system ro 
generated by (iui, . . . ,Wk) € (0, oo) fe . Set 

Of = 

That is, is the subgroup of G generated by the images of all formal com- 
mutators of weight greater or equal to Wj. Let j„ = j*(G, S, to) be the smallest 
integer such that G™ +1 = {e}. 

Example 1.1. Let G be the discrete Heisenberg group 




G= U 1 y \ :x,y,z£Z 
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Let 



si = X = I 1 I , s 2 = Y = I 1 I , s 3 = Z b 



and 

wi = 1, W2 = 3/2, w 3 = 3. 

In this case, the increasing sequence iDj is given by wi = l,w% = 3/2, UI3 
2, W4 = 5/2, W5 = 3, wq = 7/2, . . . and we have 

G» = {e}, G 5 ra = {si : fc G Z}, G? = G™ = 
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G2 = \\ 1 y \ :y,zeZ\ , Gf = G. 
I V 1 / J 

Proposition 1.5. Referring to the setting and notation of Definition ll.4l for 
all j = 1,2..., we have Gf C Gf +1 and [G, Gf] C G!f +1 . In particular, 

G = G? 2 G^ 1 D ■ • • D G™ D • • • D G™ D G£ +1 = {e} 

is a descending normal series with [G™, G™] C G™ +1 . 
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Proof. Recall that if X, Y are subsets of G, [X, Y] denotes the subgroup gener- 
ated by {[x, y] : x G X, y G Y}. Recall further that 



[< X >,< Y >} = [X,Y] 



<X><Y> 



where the right-hand side is the group generated by all conjugates of [X, Y] by 
elements of the form g — xy, x G< X >, y G< Y >. Since [/i, fj] € for all 
fx e G C? and 

[G ! G»] = [C,e:«'] G 

it follows that 

[G, G™] c (GjY i) G 

Thus a descending induction on j shows that the groups G™ are all normal 
subgroups of G and that 

[G,G%]cC? +1 . 

Note that it may happen that Gf = Gf +1 for some values of j, 1 < j < j*. 
For instance, it may happen that all formal commutators of a certain weight 
are trivial in G. In Example II. 11 G™ = Gf because all commutators of weight 
u>3 = 2 are obviously trivial. □ 

Definition 1.6. Referring to the setting and notation of Definition II. 41 let 

Rf = vank(Gf /Gf +l ) 
be the torsion free rank of the abelian group Gf /Gf +1 . 

By construction, the images of the formal commutators of weight Wj form 
a generating subset of Gf /Gf +1 , j = l,2,...,j*. By definition, the torsion 
free rank of this abelian group is the minimal number of elements needed to 
generates Gf /Gf +1 modulo torsion. 

Definition 1.7. Referring to the setup and notation of Definition 11.41 set 

J* 

D(S,Xo) =53% raxik[Gf /Gf +1 ). 
l 

Note that D(S, to) depends on the weights values Wj as well as on the alge- 
braic relations between elements of S in G (via the rank of the group Gf ) . 

Example 1.1 (continued) In Examplc ll.il we have j* = 5, 

G\?/G\? = Z, Gf/Gf = Z/5Z, G]f/Gf = {0}, GJ/GJ = Z and Gf /G$ = Z. 

Hence rank^/G^) = 1, rank(GJ/G^) = rank^/G^) = 0, rank(G?/GJ) = 
rank(GJ7GJ) = 1 and D(S,w) = 1 + 3/2 + 3 = 11/2 since m = l,w 2 = 
3/2, w 3 = 2,w 4 = 5/2, w 5 = 3, w 6 = 7/2, .... 
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Example 1.2. Assume that the weight w; are all equal, namely, Wi — v, i — 
1, . . . , k. Then the weight-value sequence is given by Wj = jv and j* is equal to 
the nilpotency class of G. In this case, the descending normal series G™ is the 
lower central series defined inductively by G\ = G, Gj — [G, Gj-t], j > 2, and 
D(S, tt>) = vD(G) where 

D(G)=J2jmnk(G j /G j+1 ). (1.2) 
i 

Theorem 1.8. Let G be a nilpotent group equipped with a generating k-tuple 
S = (si)i and a — {ai)\ £ (0, oo] k . Assume that the subgroup generated by 
{si : ai < 2} is of finite index in G. Consider the weight system m(a) = W 
induced by setting Wi — 1/Si where a = min{2, a}. Then 

with D(S,Vo) as in Definition 11.71 

Example 1.3. Let G be the discrete Heisenberg group equipped with the gen- 
erating triple S = (si)i has in Example 11.11 Let a = (ai)f. In this case, the 
condition that {si : ai < 2} generates a subgroup of finite index is equivalent 
to a\ 1 a2 £ (0,2). Let ro be as defined in Theorem ll.8l Then 

1 1 f 1 1 1 ] 

D(S, ro) = 1 h max <^ 1 , — } . 

a\ a 2 I a\ a 2 a 3 J 

1.5 Some background on random walks 

Given a finite symmetric generating set A, we set \x\a = inf{fc : x € A k } 
(since A = {e}, by convention, e = 0). This is called the word- length of x 
(w.r.t. the generating set A). With some abuse of notation, if S = (si, . . . , Sk) 
is a generating fc-tuple, we write | ■ \s for the word- length associated with the 
symmetric generating set {sf 1 ,! < i < k}. The volume growth of G (with 
respect to A) is the function Va{t) — #{g : \g\A < r}. The ^-equivalence class 
of the function Va is independent of the choice of A. It is a group invariant 
called the growth function of G. 

We say that a probability measure (j) is symmetric if = <fi where 4>{x) — 
(^(cc -1 ), x G G. The Dirichlet form associated with 4> is the quadratic form 

W,f) = l E \f{xy)~f{x)\ 2 <t>{y)- 

x,yeG 

This form is fundamental in the study of random walks because of the following 
basic result. 

Theorem 1.9. ff!5f] Assume that 4>,ip are two symmetric probability measures 
on a countable group G. If < C£^ then 

^ 2kn \e) < 2(t> {2n \e) + 2e- 2kn , k = [G] + 2. 
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This theorem will be use extensively in the present paper. In [IS], it is used 
to prove that the long time asymptotic behavior of the probability of return 
is roughly the same for all random walks driven by symmetric measures with 
generating support and finite second moment. 

Theorem 1.10 (|15j). Assume that <f> is a symmetric probability measure on a 
finitely generated group G with finite symmetric generating set A. Let ua be the 
uniform probability measure on A. If <f> satisfies 

]T \g\\cj>{g) < oo (1.3) 
gee 

then there are constants k, C such that 

u ( 2 kn \e)<C^ 2n \e). 

Further, if <p satisfies (|1.3p and ef> > on a finite generating set then 

^(e)^u { A 2n \e). 

This theorem implies that, if A and B are two symmetric finite generating 
sets of the group G, we have (e) — Ug n \e). Further, for any symmetric <f> 
with finite second moment and generating support, <p^ 2n \e) ~ u^\e). In this 
sense, the equivalence class of the function n M> uj^ ( e ) under the equivalence 
relation ~ is a group invariant. This group invariant, which we denote by $g, 
i.e., 

* G (n)~u<?">( e ), (1.4) 

has been studied extensively ( |15j shows that $g is invariant under quasi- 
isometries). In particular, 

{ri~ D ' 2 if G has volume growth V(r) ~ r D , 

exp(— rt 1 / 3 ) if G is polycyclic with exponential volume growth, 
exp(— n) if G is non-amenable. 

Nilpotent groups belong to the first category and have D — D(G) given ex- 
plicitly by (|1.2p . Many other behaviors beyond the three mentioned above are 
known to occurs and their are many groups for which $g is unknown. See, e.g., 
[T9l [20] and the references therein. 

To explain how Theorem 11.101 applies to the measures /is, a defined at (|1.1[) , 
we need the following definition. 

Definition 1.11. Let G be a nilpotent group with descending lower central 
series Gj. The commutator length £(g) of an element g of G is the supremum of 
the integers I such that g m e Gi for some integer m. In particular, by definition, 
torsion elements have infinite commutator length. 
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Corollary 1.12. On any finitely generated group G equipped with a generating 
k-tuple S, we have 

for all k-tuple a — (ai, . . . , au) such that a^(si) > 2 for all i = 1, . . . , k. 

Proof. It is well known that for any fixed g 6 G, wc have \g n \s — n 1 ^^ (see also 
Proposition 12 . 1 71 where a more general version of this fact is proved). It follows 
that, as long as the fc-tuple a satisfies the condition stated in the corollary, iis,a 
has finite second moment. Hence, Theorem 11.101 implies /^"^(e) ~ ®g( u ) as 
desired. □ 

As a consequence of the more detailed results proved in this paper, we can 
state the following complementary result. 

Theorem 1.13. Let G be a nilpotent group equipped with a generating k-tuple 
S. Let a € (0, oo] k . Lf there exists i E {1, . . . , k} such that (ai,£(si)) — (2, 1) or 
ai£(si) < 2 then we have 

lim [n D ^' 2 ^(e)] = 0. (1.5) 
n— >oo 1 

Regarding (|1.5p . we conjecture but are not able to prove that the sufficient 
condition provided by Theorem 1 1.1 31 is also necessary. See Theorems 15 . 1 lff5 . 1 21 

1.6 Radial stable laws 

Let G be a finitely generated group with symmetric finite generating set A. Set 
B m = {g ■ |<?U < m}- Define the radially symmetric "stable law" on G with 
index a e (0, 2) to be probability measure 

oo i / \ 00 

MS) = £ (1 + m)- a - 1 ff|, - £(1 + m)-"- 1 

Note that [i a is well defined for all a > and that 

V0 < [3 < a < oo, ^2 ISUiMflO < °°- 
a 

It is observed in [HI [HI [23] that 

Vn, V A (n) > cn D =^Vn, ^ '(e) < Cn- D ' a . 

In addition, by [IT] [3], for a given group G and for some/any a^2, 

V A {n)~cn D ^^{e)~Cn- D ' & 1 a = min{2, a}. (1.6) 

In fact, if we assume that the group G has polynomial volume growth V(n) ~ n D 
then 

^(g)^(l + \g\ A )- D - a . 
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Further, it follows from [TT] that, for any a G (0,2), there are constants 
ci (a) , C2 (a) such that 

ci(a)fx a <v a < c 2 (a)na 

where v a denotes the measure that is a-subordinated to u a in the sense of ([!]), 
that is, 

E T(n - a) („) 
T(l-a)T(n + l) UA ' 

Moreover, for any a S (0, 2), 

VneN, fiW(e) ^^ n) (e) -^ D/ °. 

In |16j . motivated by applications given below, the authors prove the following 
complementary statement regarding the behavior of fj>2- 

Proposition 1.14 (|16j). Assume that G has polynomial volume growth Vs(n) ~ 
n D . Then we have 

The lower bounds on Hg a (e) obtained in this paper are proved by estab- 
lishing Dirichlet form comparisons involving appropriate generalization of the 
above radially symmetric stable measures and using Theorem ll.9l 



1.7 Background on nilpotent groups 

The classical setting for the study of random walks is the lattice Z d . See [21] . 
Since this work is concerned with random walks on nilpotent groups, we briefly 
discuss some of the similarities and differences between the lattice TL d and finitely 
generated nilpotent groups. We also describe three basic examples. 

The most fundamental similarity between a finitely generated nilpotent group 
G and the lattice Z d is that, assuming that G is torsion free, there exists a real 
nilpotent Lie group G such that G can be identified with a discrete subgroup 
of G with compact quotient G/G. In other words, G is a (co-compact) lattice 
in G in exactly the same way that Z d is a lattice in M. d (except that the quo- 
tient is not a group, in general). This is a fundamental result of Malcev. See, 
e.g., Philip Hall famous notes [10]. However, simply connected real nilpotent 
Lie groups and their lattices are classified only in very small dimensions. See 
[7]. For instance, there are essentially 5 distinct "irreducible" simply connected 
real nilpotent Lie groups of dimension 5. In dimension 6, there are 34. No one 
knows the list of all simply connected nilpotent real Lie groups of dimension 9, 
let alone higher dimensions. 

From a technical viewpoint, the study of random walks on abelian groups 
is mostly based on the use of the Fourier transform (see [21] )• Although the 
representation theory of (real) nilpotent Lie groups is well developed, it has 
proved very hard to use this theory to study random walks (except in some very 
particular cases). For these reasons, the study of random walks on nilpotent 
groups is often based on techniques that are rather different from the classical 
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techniques used in the abelian case. This is certainly the case for the present 
work. 

Example 1.4. Let U(d) be the group of all upper triangular d x d matrices 
over Z with diagonal entries equal to 1. This group is a lattice in the nilpotent 
real Lie group V(d) of all upper triangular d x d matrices over the reals with 
diagonal entries equal to 1. Let Ei_.j, 1 < i < j < d, be the matrix in U(d) 
with all non-diagonal entries equal to except for the entry in the i-th row and 
j-th column which equals 1. These elements are related by EijEi tTn — Sj^Ei^ m . 
Further, 

Eij = [E ii+ i, [E i+ i i+ 2, • ■ • , [Ej_2j-i , Ej_ ij] •••]]. 

In particular, the (d — l)-tuple S = (Ei t i+i)f~ l is generating. For any m — 
l,...,d — 1, the elements {Ei_ i+m : 1 < i < d — m} can be expressed as 
commutators of length m on S ±x and form a minimal generating set for the 
subgroup U(d) m — \U(d),U{d) m -i\ in the lower central series of U(d). The 
nilpotency class of U(d) is d— 1, that is, any commutator of length greater than 
d — 1 equals the identity in U(d). 

Any matrix M = {rrii.j) in U(d) can (obviously) be written uniquely (order 
matters!) 

d-l /k-1 \ 

^/ 11 11 / r , 

k=\ \i=a / 

where the rmj are simply the entry of the matrix M . Much less trivially, there 
is also a unique expression of the form 

d-l /d-l \ 
k=l \i=k / 

where (TiJ J )i<i<j< rl is obtained from (niij)i<i < j< n by a polynomial bijective 
transformation with polynomial inverse. 

Since A = {Ef^ +l , 1 < i < d — 1} generates U(d), it is of great interest to 
describe the word length \M\a of a matrix M € U(d) in terms of the coordinate 
systems (m i j)i< i< j<: t i and (m! i j)i<i<j<d- The answer is essentially the same in 
both cases, namely, 

\m\ a * x: - e 

l<i<j<d l<i<j<d 

This well known (but non-trivial) result is the key to the volume growth estimate 

d-l 

V u(d)A {r) ~ r D ^\ D(U(d)) = ^i(d - i) 

i=l 

and to the assorted random walk result (see, e.g., [23]) <&u(d)(n) — nT D ^ u ^^ 2 . 
If we set S = (sj = E^+i)^ 1 then for any a — (a^f^ 1 £ (0,2) d_1 our main 
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result yields 

d= E E^- 

1<z<j<ci m=z 

Example 1.5. The free nilpotent group of nilpotency class £ on k generators , 
N(k,£), can be denned as the quotient of the free group on k generators by the 
normal subgroup generated by the images of all formal commutators of length 
greater than £. This group has the (universal) property that it covers any k 
generated nilpotent group G of nilpotency class I with a covering homomorphism 
sending the canonical generating fc-tuple of N(k,£) to the given generating fc- 
tuple of G. 

Marshal Hall gave a description of N(k,£) in terms of the so-called "basic 
commutators" . See [HI Chapter 11]. Let (si, . . . , Sfc) be the canonical generators 
of N(k,£). Define the ordered set of all basic commutators c\ < ■ ■ ■ < ct using 
the following inductive procedure. 

(1) si,...,Sfe are the basic commutators of length 1 and, by definition 
si < S2 < ■ ■ ■ < Sk', (2) for each to the basic commutators of length m are 
all commutators of the form c = [c', c"] with c', c" basic commutators of length 
m',m" with m' + m" = m such that c' > c" and, if c' = \d',d"] (d,d r basic 
commutators) then c" > d"; (3) commutators of length m come after commuta- 
tors of length to — 1 and are ordered arbitrary with respect to each other. By a 
theorem of Witt (e.g., [9j Theorem 11.2.2]), the number of basic commutators of 
length to on k generators is M^{ra) = mT x J2d\m n(d)k m / d where /i denotes the 
classical Mobius function. Marshall Hall proved that the basic commutators of 
length to form a basis of the abelian group N(k,£) m /N(k,£) m+ i for 1 < m < £ 
and that any element g of N(k,£) can be written uniquely 

t 

9 = Y[ C i* ' Xi E Z - 

1 

Moreover, the length of g with respect to the generating set A = {sf 1 } satisfies 
\g\A — J2i \ x i\ 1 ^" li where m, is the commutator length of Cj. This gives the 
volume group estimate 

e £ 
V A [r) ~r D( - N< > k W, D(N(k,£)) = ™M k {m) = ^Z^ d ) km,d 

m=l m=l d\m 

and the assorted random walk estimate ^ N n. ^{n) ~ n~ D ^ N ^ k ^^. 

In this case, the main result of the present work, together with Witt's the- 
orem (e.g., [HI Theorem 11.2.2]), gives that for any fc-tuple a = (ai) k € (0, 2) fe , 
we have 

(n) / \ —D 

where 

m=l(mi,...,m t )hm \ 1 / d\m 1 ,...,m k 
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Example 1.6. Let G be the group 



G = (iti, . . . ,u e ,t\[ui,Uj] = 1; [ui,t] = u i+ i,i < £; [u e ,t] = 1) 

defined by generators and relations. This group is nilpotent of nilpotency class t 
and it is generated by S = (si = U\,S2 = t) with G m generated by {ui : i > m}. 
In this case, we have $ G (n) ~ n" ^/ 2 with D(G) = 1 + £(£ + l)/2. If we let 
a = (ai, aa) £ (0, 2) 2 , our main result yields ^s™a( e ) — n ~ D with 

r _ * , l + (l-l)*/2 _ 
ai a2 

In any of the above examples, we can also consider other choices of generating 
tuples. For instance, in the current example, we can fix j G {!,...,£ — 1} 
and consider the generating 3-tuple Sj — (si = U\,S2 — t,S3 = Uj+i) with 
a' = [a.1, Oi'2, CK3) € (0,2) 3 . In this case, our main result yields fj,g. /(e) ~ n _D 
with 




2 Quasi-norms and approximate coordinates 

This section describes results of an algebraic and geometric nature that play a 
key role in our study to the random walks driven by the measures jjbs, a defined 
at (jl.ip . One of the basic idea in the study of simple random walks on groups 
(i.e., the collection of random walks driven by the uniform probability measures 
ua where A is a finite symmetric generating set) is that the notion of "volume 
growth" of the group leads to basic upper bounds on u f (e): the faster the 
volume growth, the faster the decay of the probability of return. In the case 
of nilpotent group, this heuristic leads to sharp bounds. Indeed, for any given 
D>0, V A (n) ~ n D if and only if u^ n) (e) ~ n - D / 2 . See gj. 

The estimates of [la \(e) obtained in this work are based on a similar heuristic 
which requires us to define appropriate geometries associated with the different 
choices of S and a. This section defines these geometries and develop the needed 
key results. 



2.1 Weight systems and weight-functions systems 

We refer the reader to subsection 11.41 for notation regarding words and formal 
commutators over a finite alphabet S l±1 , S = (si, . . . , s&). 

Definition 2.1 (Multidimensional weight system). Given a fc-tuple (w±, . . . , Wk) 
with Wi e (0, 00) x ]R d_1 , 1 < i < k, let to be the weight system 

to : £(5) 3c4 w(c) G (0, 00) x R^ 1 
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on the set £(5) of all formal commutators on S ±x denned by w(sf 1 ) = wi and 
w{c) — w(c\) + w{c<z) if c = [ci, ca]. Let 

Wi < W2 < ■ ■ ■ < Wj < . . . 

be the ordered sequence of the values w(c) when c runs over all formal commu- 
tators and (0, oo ) x K d_1 is given the usual lexicographic order. 

Note that we always have u>([ci,C2]) > max{w(ci), 10(02)}- 

Definition 2.2. For each j = 1, . . . , let £j(S) be the set of all formal commuta- 
tors of weight at least Wj. If G is a group generated by a fc-tuple S = (si, . . . , Sk), 
let G™ = (<tj(S)) be the subgroup of G generated by the image in G of £j(S). 
Assuming that G is nilpotent, let j» = j*(ro) be the smallest integer such that 

Gf.+x = W- 

The proof of the following proposition is the same as that of Proposition [T3J 

Proposition 2.3. Referring to the setting and notation of Definition 12.2"! as- 
sume that G is nilpotent. Then, for all j = 1,2..., we have G™ C G" +1 and 
[G,G m }cG™ +1 . In particular, 

G = G* D GJ D ■ ■ ■ D Gf D ■ ■ ■ D G* D Gf m+1 = {e} 

is a descending normal series with [G™,G™] C G™ +1 . We let RJ 1 be the torsion 
free rank of the abelian group G™/G™ +1 . 

Definition 2.4 (Weight-function system). Given increasing functions 

Fi : [l,oo) -> [l,oo), 

we define the weight-function system J to be the collection of functions 

F c : [l,oo) -> [l,oo), ceC(S), 

by setting inductively F s ±i = Fi, 1 < i < k, and F c — F Cl F C2 if c = [ci,ca]. 

Remark 2.5. According to Definitions 12 . lj|2~4l if the build-sequence of the com- 
mutators c of length t is (u\, . . . , ug) G S* then 

i i 

Remark 2.6. A key collection of examples of weight systems are the (one- 
dimensional) power- weight systems introduced in 1 1.31 where Wi S (0, oo). Such a 
weight system is naturally associated with the weight-function system of power 
functions where Fi{r) = r Wi . In the context of the study of the random walks 
driven by the measures us, a, these power weight systems and associated power 
function systems are relevant to the case when a = {ca)i £ (0, 2) k . 
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Example 2.1. In order to study the measures /j,s, a with tuples a with aj = 2 
for some j, it is necessary to introduce weight functions of the type r 2 \ogr. To 
allow for such functions, one can consider the two-dimensional weight systems 
build on 

Wi = (ui, Vi) with ui > and Vi G R, 1 < i < fc. 
In this case a natural compatible weight-function system would be 

Fi(r) = r lH [log(e + r)] v \ 1 < i < fc. 

Example 2.2. When dealing with more general measures than /is. a , it makes 
sense to consider multiparameter weight functions such that 

^ 1 , K2 ,^(r)=r l,1 [log(e + r)] W:! [log(e + log( e + r))r 3 , v, G (0,oo), v 2 ,v 3 eR, 

together with the natural associated lexicographical order on the parameter 
space (vi,v 2 ,v 3 ). 

In what follows we will mostly use weight-function systems # such that 

3C > 1, Vi G {l,...,fc}, Vr > 1, 2Fj(r) < F;(CV), F(2r) < CF(r). (2.1) 

Further, we will often make the assumption that we are given a weight system 
ro and a weight-function system $ that are compatible in the sense that 

3C>1, Vc,c', w(c) x iy(c') Vr, F c (r) < CF c ,(r). (2.2) 

Note that under these two hypotheses, w(c) — w(c') is equivalent to F c ~ F c '. In 
this case, except for notational convenience, it is obviously somewhat redundant 
to use both tn and J since they contain more or less the same information. 

Definition 2.7. Referring to the setting and notation introduced above, assume 
that the weight-function system g and the weight system ro satisfy (|2.1|) - (|2.2p . 
For any j = 1, . . . , j'*, let be a function such that for any commutator c with 
w(c) — Wj, we have 

F • ~ F 

(The function Fj corresponding to commutators c with w(c) = Wj should not 
be confused F% = F Si ). 

In the following definition, given a finite tuple S of elements of a nilpotent 
group G, we let f2(£) be the set of all finite words with formal letters in SUE -1 . 
For uj G O(S), we write 7r(w) to denote the corresponding element of G. For 
ui G f2(E) and a G S, let deg CT (u;) is the number of occurrences of o ±x in ui. 

Definition 2.8. Let G be a nilpotent group generated by the fc-tuple S = 
(si, . . . , Sfc). Let tn, $ be a weight system and associated weight function system 
on a generating fc-tuple S which satisfy (|2.1[) - (|2.2I) . For any tuple E of elements 
in £(S), set Fe = F c where w(c) = min{w((7) : a G E}. For g ^ e, set 

Hffllca = min{r > 1 : g = n(u>) : u G 0(E), deg c H < F c o F^\r), c G E}. 



16 



By convention, ||e||r;,3 = 0. Set also 

Q(X,$,r) = {geG:F^ 1 (\\g\\^) <r}. 
Further, when S and ro,^ are fixed, set 

IMU = hh,^ = hh(s),s, \\g\U = bh*~ = llslk* 

and 

Q« m {r) = Q(£{S),$,r) 1 Q gen (r) = Q{S,$,r). 
Note that F s = F c{s) . 

Remark 2.9. If E generates G then || • ||x;,s is a quasi-norm on G (see 15. II below 
for a precise definition). It is a norm on G (i.e., satisfies the triangle inequality) 
if each of the functions {F c o F^ 1 , c 6 E}, defined on [1, oo) can be extended 
to a convex function on [0, oo) that vanishes at 0. 

Example 2.3. The simplest example is when the weight system ro is one dimen- 
sional, generated by w(si) — Wi £ [2,oo), and the associated weight function 
system J is generated by Fi(r) = r Wi . In this case, it will sometimes be conve- 
nient to write || • [[ g>t0 for || ■ (resp. || • || S)W for || • |[ Eiff ). 

Example 2.4. For further illustration, consider the groups Z 3 equipped with 
its natural generating 3-tuple S — (sj) 3 and the discrete Heisenberg group (see 
Example equipped with the generating 3-tuple S = (si = X, s% = Y, S3 = 
Z) where X is the matrix with x — l,y — z — and Y, Z are defined similarly. 
Set F x {r) = r 3 / 2 , F 2 (r) = r 2 log(e + r), F 3 (r) = r^, 7 > 3/2, and let $ be 
the associated weight-function system (we let the reader define the natural 2- 
dimensional weight system in that is compatible with 5"). 
On Z 3 , it is clear from the definition that 

\\(x,y,x)U, sen ~ max ^^t^ , |^| 3 /^ j . 

On the Heisenberg group, it is not immediately obvious how to compute the 
II ' llff,gon-norm of the element 

(1 x z 
1 y 
1 

Theorem 12.101 below (and the fact that the matrix representation of g x ,y,z is 
unique) leads to the conclusion that 

llfl.*.b- - max {N, b Jf(* |)3/4 , l^| 3/(27) } if 7 > 7/2 

and 

f U3/4 1-13/7 ^ 

||fe,y,z||ff, ge „ ^ max |x|, |y ' 1 ' if 3/2 < 7 < 7/2. 

I log(e+ |y|) 3 / 4 [log(e+ N)J 3/7 J 
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One can check (without much trouble) that || • \\$ lSea satisfies the triangle 
inequality in this case (on either Z or the Heisenberg group) . We shall see that 
this choice of weight-function system is relevant to the study of the probability 
measure /ionG such that 

/i(s") is proportional to i,, neZ. 

1 + (M) 

We will use this example to illustrate some of our main results in the rest of the 
paper. 

The following theorem contains some of the key geometric results we will 
need to study the walk driven by measures of the type fJ>s,a- 

Theorem 2.10 (ro-i^-adapted coordinates). Let G be a nilpotent group equipped 
with a generating k-tuple S = (si,...,Sfc). Let Xo, $ be weight and weight- 
function systems on S satisfying (|2.1I) - (|2.2I) . 

Let X = (ci,...,ct) be a tuple of formal commutators in €(S) with non- 
decreasing weights w(c\) -< ■ ■ ■ ■< w(c t ). Let rrij, j = 0, . . . , j* be defined by 

{ci : w(ci) = Wj} = {ci : rrij-i < i < mj}. 

Assume that (the image of) {q : iu(ci) = Wj} generates G™ modulo G™ +1 and 
that {ci : rrij-i < i < rrij-i + R™} is free in G™/G™ +1 . Then the following 
properties hold: 

• There exists a constant C = G(G, S, J) such that for any r > 1, if g G G 
can be expressed as a word u> over £(S*) with deg c (cj) < F c (r) for all 
c 6 £(S) then g can be expressed in the form 

a -Tic** with \x \ < C x / Fj{r) lfm ^ + 1 ^ i ^ R 7 
g - Cj with \x x \ <CX| 1 ifRj + l<i< mj . 



• There exist an integer p = p{G, S, 5"), a constant C — G(G, S, 3") and a 
sequence . . . , i p ) £ {1, . . . , k} p such that if g can be expressed as a word 
to over <£(5) with deg c (w) < F c (r) for some r > 1 and all c £ £(S) then g 
can be expressed in the form 

p 

9 1 J < with \xj\ <CF it (r). 
2=1 



This important theorem will be proved in the last section of this article. See 
also Theorem 16.221 for an additional improvement of the the last statement of 
Theorem 1 2. 101 Note that in the decomposition g = YYj=i s i 3 > the sequence (ij)i 
is independent of the group element g. 

The proof of the following simple corollary is omitted. 
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Corollary 2.11. Referring to Definition [2] 81 the quasi-norms \ \ ■ || com and || • || gc „ 

defined on G satisfy 

II ' lis™ — II " 1 1 «»» ove r G. 
Further, referring to the t-tuple £ = (c\, . . . , Cf) of Theorem 12.101 we have 

F^dl-lk^^^CMU) overG. 

Remark 2.12. In the case when the generators Si are given equal weight-functions, 
i.e., F.i = Fj, 1 < i < j < fc, the quasi-norms || • \\ s ,$, \\ ■ |[e,s and || • \\c(S),d are 
all comparable to the usual word- norm | • |s- 

2.2 Norm equivalences 

In this section, we briefly discuss how changing weight functions affect the quasi- 
norms || • || com and || • || gcn introduced in Definition 12.81 

Definition 2.13. Let G be a countable nilpotent group equipped with a gener- 
ating fc-tuple S = (si, . . . , Sfc) and a (possibly multidimensional) weight system 
tn as above. For each g £ G, let 

Jro ( ff )=max{j :3ueN, g u 6 Gf}. 

Let core(tt), S) be the sub-sequence of S obtained by keeping only those Sj such 
that w(si) = w Jro(s) . 

By construction, we always have w(s) < Wj m ( s )- Those generators s € S 
with w(s) < Wj( s ) are, in some sense, inefficient. The following proposition 
makes this precise and motivates this definition. 

Proposition 2.14. Any formal commutator c G €(S) whose image in G is free 
in G™/G™ +1 must only use letters in core(tn, S). In particular, referring to the 
sequence of commutators Ci, . . . , Ct in Theorem l2.10l any formal commutator Ci 
with i G mj-i + !,•••, m j-i + R*j must only use letters in core(lt), S). 

Proof. Assume that the image of c is in the torsion free part of G™/G™ +1 and 
involves s £ core(S'), say c = [c', [s,c"]]. Then 3u G N, s" G G" s) with 
uJj( s ) > w(s) (where we write j(s) = jm{s))- From the linearity of brackets, we 
have 

c lt ee [c',[ S u ,c"]] mod Gf +1 
while [c', [s",c"]] G G™ +1 since s 11 G G™ s) with Wj( s ) > w(s). Therefore 

c u eeO mod Gf +1 . 

This contradicts the assumption that c is free in G™/G™ +1 . The proposition 
follows. □ 



19 



Definition 2.15. Let G be a countable nilpotent group equipped with a gener- 
ating fc-tuple S — (si, . . . , Sfe) and a (possibly multidimensional) weight system 
ro as above. Let E = (ci, . . . , Ct) be a sequence of formal commutators as in 
Theorem 12.101 Let core(tt), S, E) be the sub-sequence of S of those letters s$ 
that appear in the build-sequence of one or more of the formal commutators 
Ci G E with i G U|ii{mj_i + 1, . . . , m^i + R™}. 

Remark 2.16. Proposition 12 . 141 shows that, for any sequence E of formal com- 
mutators as in Theorem 12. 101 we have 

core(tt>, S, E) C core(ro, S). 

In what follows, given two tuples S — {si, . . . , Sfc), = {9\, . . . , 6 K ) of ele- 
ments of G (possibly of different length k, k), we write S C 8 if there is a one to 
one map J : {1, . . . , k} — > {1, . . . , k} such that sj(i) = B% in G. This applies, for 
instance, to the "inclusion" core(ro, S, E) c core(tt), 5) in the previous remark. 
Abusing notation, we will sometimes use the same letter s to denote an element 
of S and the associated element in 0. 

Proposition 2.17. Referring to the setting and notation of Theorem 12. 101 for 
each g G G either G is a torsion element and ||g"|| com — 1 for all n or 

Vn, || 5 ™|| com ~ F S o F7 X (») where j = Jm (g). (2.3) 

Proof. The upper bound is very easy. Let k be such that g K G G™, j = jw{g)- 
Since g K is in G^ it can be written as word u using formal commutators of 
weight at least Wj. Hence, g Kn can be written as a word u n , namely, uj repeated 
n times. Obviously, if w(c) > Wj, deg c (cj„) < deg c (w)?i. By definition, this 
implies ||5 K "|| com < CF S o Fj 1 ^). The estimate ||5™|| com < C'F S o Fj^n) 
easily follows. 

The lower bound is more involved. Using Theorem 12.101 it suffices to show 
that any writing of g Kn as a product 

t 

g Kn = ]]_c*' with \ Xi \ < C for i G U h {m h -i + J# + 1, . . . , m h ] (2.4) 
i 

must have rnaxj £ { mj _ 1+ i i ... jm:; _ 1+ /fn) > cn. First, we claim that there 
exists a constant T (independent of g but depending on the structure of G, 
S, the weight system tn and the constant C appearing in the above displayed 
equation) such that for any n and any writing of g Kn as above we have 

N < T for all i < m h -i, h < j. (2.5) 

The proof is by induction on h < j. There is nothing to prove for h = 1. Assume 
that h + 1 < j and that we have proved that \xi\ < T for all i < mh-i- Since 
g K ,g Kn G G™, the product a = J]™^ 1 c f is in G£. Since \x,\ <T,i< m h -x, 
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a — rij>m C T \ z i\ — T' where T' depends only on G, S, ro, T but not on 
g,n. Computing in G™ modulo G™ +1 , we have 

9 Kn = II < I+2 '-e mod^ +1 . 

The last equality holds because g Kn G G? and h + 1 < j. Since 

{ c mh_i + l 7 • ■ • j Cnifc-i+fl™ } 

is free in G%/G% +1 and sup, |^| < T', sup{|x,| : m h _i+R%+l < i < m h } < C, 
there is a constant T" depending only on G, S, ro, C and T 1 such that \xi\ < T" 
for i £ {m h -i + 1, . . . , mh-x + R%}. This proves (|23)) . 

On the one hand, since j is the largest integer such that g u € G^ for some 
u, it follows that for any n we can write 



J~[ cj" mod G™ +1 with > cn 

i—raj-i+l i— mj_i + l 

and 

max{|j/i| : m^-i + Rf + 1 < i < rrij} < C. 

On the other hand, since any writing of g Kn as in (|2.4I) satisfies (|2 . 5[) . the same 
reasoning as in the induction step for (I2.5[) gives 

rrij 

g Kn = II c ?~ x '~ z ' = e mod G 7 + i 

rrij - 1 +1 

with |zi| < T. Since {ci : 77ij_i + 1 < i < rrij-i + R™} is free, the facts that 
rrij-i+Rf 

> cn, max{|j/i| : TOj-i + i?" + 1 < i < rrij} < C' 

i—nij 

and \zi\ <T together imply that 

} J \xi\> c'n. 

i— rrij — i+l 

Hence, ||g K " || com ~ F s o FJ^n). □ 

Theorem 2.18. Let G be a countable nilpotent group equipped with two gener- 
ating tuples S,S' and associated multidimensional weight systems ro,ro' as well 
as weight function systems & satisfying (|2.1[) - (|2.2[) . By definition, Fs and 
F' s , are the weight functions associated with the smallest weights in Id and ro', 
respectively. Let £ = (ci,...,Ct) be a sequence of formal commutators as in 
Theorem 12. 101 applied to (S, Id, 
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1. Assume that S 1 D core(tt), S, E) and F' s > F s /or aZZ s G core (fo,5, E). 
TTien 

VgGG, (^O^dlffll^) < CV(llflll^) 
U. Assume that, for all s G S", i 7 ^' < F Jro ( s ). TTien 

VjeG, (F's.yWlgWs^^cFsWlgWsj) 

Proof. To prove the first statement, referring to the notation used in Theorem 
[2~TU1 Set 

h = Uj{mj-i + !,■•■, mj-i + Rf}, h = {1, ■ • ■ ,t} \ h 
and recall that any any g £ G can be written as 

By hypothesis, F' > F Ci for i E Ii- Further, each a, i G I2, is a product 
of elements in 5". Hence, we obtain an expression for g as a word u> on for- 
mal commutators on S' with deg c (w) < CF^Fg 1 (\\g\\ colI1 )) . This proves that 
(F"s>)-H\\9\\s',v) < CFgWlgWsx) as desired. 

To prove the second statement, apply Theorem I2.10f iii) to (S',tv',$') to 
write any g G G as a product 



.9 = I I'-: : with \ Xj \ < F' s , o {F' s ,)-\\\9\\s>, 



where s[ ■ G S" (note that the sequence (ij) and the integer p are fixed and 
independent of g). By Proposition 12.171 and the hypothesis F Jro ( s ) > F' s for all 
s G 5", we obtain that Fg l {\\g\\s,^) < C(F' s ,)- 1 (\\g\\ S i,$>) as desired. □ 

Corollary 2.19. Let G be a countable nilpotent group equipped with two gen- 
erating tuple S, S' and associated multidimensional weight systems fo, ro' with 
function systems satisfying (|2.ip - (|2.2l) . Let E = (ci, . . . , Ct) be a sequence 
of formal commutators as in Theorem 12.101 applied to (S, rD,^)- Assume that 
there exists C G (0, 00) such that the following two conditions are satisfied: 

(i) core(ro, S, E) C S' and, Vs G core(ro, S, E), CF' S > F s . 

(ii) Vs G S', Fi < CF Jm(s) . 

Then 

V 5 GG, (F' s ,)- 1 (\\g\\sw)c*Fs 1 (\\g\\ S)9 ). 

In particular, 

Vr>0, #Q(S\d',r)~#Q(S,3,r). 
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Example 2.5 (Continuation of Example 12. 4[) . Consider the discrete Heisenberg 
group as in Examplc l2.4l equipped with the generating 3-tuple S = (si = X, s 2 — 
Y,s 3 = Z) and S' = («< = X,s' 2 = Y). Set F x (r) = F{(r) = r 3 / 2 , F 2 (r) = 
i^(r) = r 2 log(e + r), F 3 (r) = r' 1 , 7 > 3/2, and let be the associated 

weight-function systems. The natural 2 dimensional weight systems ro,tx>' are 
generated by w\ = = (3/2,0), w 2 = w' 2 — (2,1), w 3 = (7,0). The first 
observation is that core(ro, S) = (si, s 2 , S3) is 7 > 7/2 and core(ro, S) = (si, s 2 ) 
if 3/2 < 7 < 7/2. It follows that, V 5 G G, \\g\\sw - \\g\\s,i if 7 e (3/2,7/2] 
whereas these norms are not equivalent if 7 > 7/2. 



3 Volume estimates 

This section gathers some of the main results we will need regrading volume 
estimates for the balls Q(S, J, r) introduced in Definition 12.81 It also addresses 
the question of how changes in the weight-function system affect these volume 
estimates. 

We start with a general and very flexible result which admits a rather simple 
proof. In this theorem, the weight-function system J is not necessarily tightly 
related to the weight system ro. The proof of this theorem will be given in the 
last section of this paper. 

Theorem 3.1. Let ro be a multidimensional weight system as in Section 12.11 
Assume that we are given weight functions Fi, 1 < i < k satisfying (|2.ip . Let 
S = (ci,...,c s ) be a s-tuple of formal commutators on {sf 1 : 1 < % < k}. 
Assume that, for any h, the family {ci : w(ci) — u>h} projects to a free family 
in the abelian group G™ /G™ +1 . Then there exist an integer M — Ms and a 
sequence (ii, . . . ,1m) £ {1> ■ ■ ■ > k} M , depending on E such that for any r > 
there exists a subset Ks{r) C G satisfying the following two properties: 

s 

1. #X s (r) > JJ(2F Ci (r) + l) 

i=i 

2. g E K s (r) =► g = Ujli < 3 , \*j I < F *> M- 

Further, every Si j , 1 < j < M , belongs to the build- sequence of at least one 
c h e E. 

Theorem 13. II is very useful for comparing the volume growth associated with 
different "weight- function systems". See the proof of Theorem 13.41 below. 
Next we state and prove sharp volume estimates related to Theorem 12. 101 

Theorem 3.2. Referring the setting and notation of Theorem 12.101 we have 

j* 

#Q(C(5), r) ~ #Q(E, ^, r) ~ #Q(5, ff, r) ~ J] F, (r) fl " . 

3=1 
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Remark 3.3. Assume that the weight system ro is unidimensional, generated by 
{u)i)i € (0, oo) fc , and the weight-functions Fi are power functions Fj(r) = r m *, 
i = 1, . . . , k. Then 

with D(S, tn) as in Definition 11.71 

Proof. The equivalences #Q(£(S),3,r) ~ #Q(£,3 ; ,r) ~ #Q(S,$,r) and the 
upper bound #Q(S, J, r) < C O*)^ follows immediately from Theorem 

12.101 and inspection. 

The lower bound ^(^(S,^, r) > cJJ^i F j(r) R j requires an additional ar- 
gument. Note that Q(12,$, r) contains the image in G of 

j, "ij-i + B, 

n n i»*i<^(r). 

j — 1 i— mj_i+l 

Further, it is not hard to check that 

II II < II II <? 

j i— mj— i+l j i=mj— i+l 

implies 

J* 

3=1 

The desired lower bound follows. □ 

Theorem 3.4. Let G be a countable nilpotent group equipped with two generat- 
ing tuples S,S' and associated multidimensional weight systems ro,ro' as well as 
weight function systems 3' satisfying (|2.1[) - (|2.2j) . Let 12 = (ci, . . . ,ct) be a se- 
quence of formal commutators as in Theorem l2.10l avvlied to (S, tn,^). Assume 
that S' D core(lt), S, 12) and that 

K > Fs for all s e core(ro, S, E). 

Then 

j'.(w) 

#Q(S',3V)^ J] p;.(r) fi ? > #Q(S, 3, r) c J] F,(r)^. 

3=1 3=1 

Assume further that there exists a e S" smc/i i/iai i 7 ^ > F Jro ( CT \ . T/ien 
#Q(S',$',r) > c ( J' a{r ] A #Q(S,$,r). 
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Proof. Since core(ro,5, E) C S' it follows that, for any a G S, F' c . is well 
defined as the product of F' s with s G core(lx>, 5, E) C S' . Use the collection of 
commutators Cj, i 6 {Wj-i + 1, . . . , rrij-i + Rf}, j = 1, • • • ,j* in Theorem l2.10l 
with the weight system in and weight-function system For each r, Theorem 
13. II provides a set K(r) e G such that 

J* (TO) mj-i+Rf 

#K{r) > H II K( r ) (3.6) 

j — 1 i — 7Uj-i +1 

and, by Theorem l2.10l , Theorem 13. II and the definition of core(lt>, S, E), 

A-(r) C{ S £G: || fl [[ s ^ < F' s ,(r)}. 
By Theorem 13.21 it follows that 

Vr, #K{r)<#Q(S',#,r). 
By hypothesis, F s ' > F s if s G core(tt), S 1 , E). Hence F^. > F Cj (i.e., w'(ci) > 

w(ci)). By (EH) and Theorem [321 this implies #K{r) > cflf^ . This 
proves the first statement. 

Suppose now that there exists ct G S' such that w'(s) > Wj m ( a y Set jo = 
j m (ct) . In the sequence of commutators c±, . . . , Ct used above, consider the the 
free family 

{ Cl : i G {m j0 -x + 1, . . . , m^-i + iZ*}} in G£/G£ +1 . 

By hypothesis, there exists an integer u such that a" G G™ is free in G™ /Gi? +1 . 
Since a maximal free subset of {ct"} U {cj : i G {mj _i + 1, . . . , mj _i + i?" }} 
in G™/G™ +1 containing ct 11 must contain i?" elements, we can replace one of 
the Ci, say a, by ct" so that the i?™-tuple so obtained is free in G%/Gf +f Let 
h = a if i ± u, h, = ct", F l = F' c . if % / i m , F l '(r) = F^(r/\u\), and apply 
Theorem 16.41 The desired result follows. □ 

4 Random walk upper bounds 

This section is devoted to obtaining upper bounds on the return probability of 
a large collection of random walks including those driven by the measures ns,a- 
Generalizing one of the approaches developed in |24) for simple random walks, 
we will make use of appropriate volume growth estimates and of the notion of 
pseudo-Poincare inequality. 

4.1 Pseudo-Poincare inequality 

Let G be a group generated by a finite symmetric set A. Then it holds that for 
any finitely supported function / on G, 

\\f g -f\\l<C A \g\ 2 A £ A {f,f) (4.1) 
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where 

= acii £ \f(xy)-m\ 2 . 

' ' x€G,y£A 

This expression is the Dirichlet form associated with the simple random walk 
based on A. Inequality (|4.ip captures a fundamental universal property of 
Cayley graphs. In |24) . it is proved that this simple property implies interesting 
upper-bounds on u^™' (e) in terms of the volume growth function Va ■ 

The main result of this section is a pseudo-Poincare inequality adapted to 
probability measure of the form 

k 

M ( 9 )=fe- 1 ^^/i i (n)l s? ( 5 ). (4.2) 

where (si,...,Sfe) is a generating fc-tuple in G and the /ij's are probability 
measures on Z with truncated second moment 

ft(n) := 51 ™ 2 MiO) (4-3) 

|m| <n 

satisfying 

g i {n)>cn 2 - &i L i {n), 5*6(0,2], (4.4) 

for some slowly positive varying functions Li, 1 < i < k. Under these circum- 
stances, we let Fi denote the inverse function of n <— > n ai /Li(n). The function 
Fi is a regularly varying function of positive index 6 [2,oo). In addition, 
we assume that the fa's are essentially decreasing in the sense that there is a 
constant C\ such that 

Vi = 1, . . . , k, < m < 7i, /ii(n) < Ci//i(m). (4-5) 

Example 4.1. The measure ns, a with a = {a.i)\ <E (0, oo) k satisfies 

r n 2 - a > if a, e (0,2), 
~ < logn if an = 2, 
[ 1 if a t > 2. 

Hence, in this case, we have 5j = min{ai,2} and Li = 1 except if a* = 2 in 
which case Li(n) = logn. 

We will make use of the following general result (which is essentially well- 
known). We let C C (G) be the set of all finitely supported function on G and set 
f g (x) = f{xg). 

Theorem 4.1. Let G be a finitely generated group. Let /i be a symmetric 
probability measure on G. Assume that for each r > 1 there is a subset K(r) of 
G such that 

Vg€K(r), \\f g -f\\l<C r£^f,f). (4.6) 
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and 

Vr > 1, #K(r) > v(r) (4.7) 

where v is increasing and regularly varying of positive index. Let ip be the right- 
continuous inverse of v. Then there is a function ~ ip such that the Nash 
inequality 

V/e^(G), ||/|| 2 2 <*(||/||?/||/||I)M/,/) (4-8) 
is satisfied. Moreover 

li {2n) (e) <C 1?7 (n) (4.9) 
where r\ is defined implicitly by 



\ ®(s)~, r>0. 



Proof. Assuming (I4.6[) and #K(r) > v(r), the Nash inequality (|4.8I) easily fol- 
lows from writing 

\\fh < Wf-fK(r)h + WfK(r)h < C Q tE (/,/)+ t^)" 1 / 2 \\f\\l 

and optimizing in r. Here fK(r)( x ) i s the average of / over xK{r) so that, obvi- 
ously, \\f K{r) h < {#K{r))-^\\f\\ x and gH) gives \\f-f K (r)h < C r^(/,/) 
with Co = CMk. The return probability estimate (|4.9p is a well-known conse- 
quence of dUl]). See [61 E]. □ 



Remark 4.2. In this theorem, the parametrization of the set -ft'(r) is chosen so 
that r appears on the right-hand side of (|4.6j) instead of r 2 . 



Theorem 4.3. Let G be a finitely generated nilpotent group equipped with a 
generating k-tuple (si, . . . , Sfe). Let fi be as in (|4.2[) with Li and Fi be as 

in (|4.4p . Assume that (|4.5[) holds. Assume that there exists an integer M and 
a sequence 6 {1, . . . , k} M such that for each r > 1 i/iere is a subset K{r) 

of G with the property that 

M 

g e K(r) =^ .9 = J] fl <* with \ Xj \ < F tj (r). (4.10) 
l 

Then there exists a constant C — C(jx) such that 

VgeK(r), \\f g -fh<CM 2 r8^f,f). (4.11) 

Proof. Because we assume (|4.10[) . the proof boils down to a collection of one 
dimensional inequalities, one for each of the measures fii on Z that appear in the 
definition (|4.2|) of /i. Indeed, Lemma [4.41 stated below shows that there exists 
a constant C such that, for each i G {1, . . . , k} and y £ Z with |y| < Fi(r) we 
have 

||/.» -/||2<Cr (4.12) 
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for any finitely supported function / on G. Together, (|4.10[) and (|4.12|) imply 
(14. lip . Since there exists a constant C such that, for all z G {1, . . . , fc}, 

\y\<Fi(r) implies ^(H)- X |y| 2 < Cr, 
the claim f|4. 1 2|) follows from Lemma [4T4l □ 
Lemma 4.4. Let v be a symmetric probability measure on Z satisfying 

3C\, VO < m < n, v(n) < C\v(rn). 
Let G be a finitely generated group equipped with a distinguished element s. Set 

£.AfJ) = \ E and g v {m) = ]T \n\ 2 v(n). 

x£G,z£Z \n\<m 

(i) For any finitely supported function f on G we have 

VyeZ, - /||| < C v (^(M))" 1 \y\ 2 £sAf, /)■ 

(ii) Further, for any two finitely supported functions f,g we have 

V.t G G, y G Z, |/ * - / * 3 (^)| 2 < C^fodyl))" 1 |y| 2 &,„(/, /) ||$||* . 

Proof of (i). For any pair of integers < m < n, write n — a m m + b m with 
< bm < m and 



\\f-U\\l = £(/(**") -/(*)) 2 

< 2 £ (/(^ amm ) - /(x)) 2 + 2 £ (/(a* 6 ") - 



This yields 



\\f-u\\l E m2i/ H < 2^^(/( IS -)-/(x)) 2 «y,H 

\m— 1 / 

+ 2 E E^'")-^)) 2 ™ 2 ^™)- 

xGG m— 1 

Next, observe that 

n 

£ E (/( xs " 1 ) - /(z)) 2 («™™)Mm) 

n 



x£G m—l 



xGG rn—1 
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Further, using the hypothesis that v is essentially decreasing, i.e., v(m) < C\v{b) 
is < b < m, write 



x£G rn—1 



i/2 



EE E (f(^ b )-f(x)) 2 m^(m) 



x£Gb=l m\n-b 
b<m<n. 



n/2 



^ ^EE E m2 \{f{xs b )-f{x)Y V (b). 



As 



we obtain 



x£Gb=l \ m\n-b 

.b<m<n 



E ™ 2 <(E i "V, 

m|r,-i, 1 
b<m.<n 



E E (f(* shm ) - f{x)fm 2 v{m) < C 2 n 2 £^(f, /). 
It follows that, for both n > and n < 0, 



|/-. Mi | E ™ 2 K™)] < 2(1 + C2)n 2 ^(/,/). 

yO<m<|n| 



Proof of (ii). By Cauchy-Schwarz 



EC/M^M/M 1 *))^) 



□ 



VzGG / \zEG 

Applying part (i) to |/ — f s y\\ 2 yields the desired inequality. 



□ 



Remark 4.5. When G = Z, Lemma 14^41 provides an interesting and new pseudo- 
Poincare inequality for probability measure v satisfying (|4.5I) (i.e., which are 
essentially decreasing) in terms of the truncated second moment Q v . Namely, 
assuming (|4.5|) . we have 

x& y»\\y\) 
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where 

£Af,f) = l E \f(x + z)-f(x)\Mz). 

Together with the trivial fact that : \y\ < r} = 2r + 1, this pseudo-Poincare 
inequality and Theorem 14.11 provide a sharp Nash inequality satisfied by £ v . 

4.2 Assorted return probability upper bounds 

This section describes direct applications of Theorem 13.11 together with Theo- 
rems 14.1114.31 We use the notation introduced in Sections 11.41 and 12.11 

Theorem 4.6. Let G be a finitely generated nilpotent group equipped with a 
generating k-tuple (s%, . . . , s&) and a k-tuple of positive reals a = (pti, ■ ■ ■ , oik). 
Let ro be the weight system which assigns weight Wi — l/dj to Si where on = 
min{2,a!j}. Then 

where D(S, to) = J2 h ™» rank(G£/G£ +1 ). 

Proof. By Theorem 13.11 for each r > 1 we can find a subset K(r) of G such 
that #K(r) > r D ( 5 - ro ) and g £ K(r) implies g = s** with \x,\ < r w{si J } . 
The result then follows from Theorems 14 . Ill4~3l □ 

Remark 4.7. If all the aj's are in (0,2) or, more generally, if i?" > implies 
Wh > 1/2, the upper bound given in Theorem 14.61 is sharp. Indeed, we will 
prove a matching lower bound in the next section. 

If all the cki's are greater than 2 the measure us. a has finite second moment 
&n&D{S,Xo) = |£> rwk{G h /G h+1 ). In this case the upper bound of Theorem 
14.61 is also sharp. It coincides with the bound provided by Corollary II. 121 

We conjecture that this upper bound is sharp when on ^ 2 for all i S 
{1, . . . , k} but we have not been able to prove this conjecture when there exists 
i,j such that on < 2 and ctj > 2. 

The next result shows that Theorem 14.61 is not always sharp when some of 
the aii's are equal to 2. 

Theorem 4.8. Let G be a finitely generated nilpotent group equipped with a 
generating k-tuple (si, . . . , Sfc) and a k-tuple of positive reals a — {ot\, . . . , a*,) € 
(0, oo] fe . Let tt> = Vo(a) be the two-dimensional weight system which assigns 
weight Wi = (vi_ 1,^.2) to Si where 

Vn = i, oti = min{2,ai} 
on 

and 

Vi.2 = unless on — 2 in which case v^2 = 1/2. 

Then 
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where 

Di(S,tt>) = ^w M rank(G£7G£ +1 ), w h = (« M ,«fc, 2 ). 
ft 

Proof. The proof is the same as for Theorem l4.6l but uses a refined weight system 
and the associated weight function system ^(a) where the function F c associated 
to a commutator of weight v(c) = (v\, Ua) is F c (r) = r Vl [log(e + r)] V2 . □ 

Remark 4.9. Referring to Theorem l4.8l let £ be a sequence of formal commuta- 
tors as in Theorem 12.101 applied to S, to, $(a). Assume that for any i such that 
Si G core(ro, S, E), we have a* = 2. Then Di(S, to) = L> 2 (S, ttt) = £>(G)/2 and 

A*SS(e)<G S >logn]- D ^. 
Example 4.2. Let G be the group of 4 by 4 unipotent upper-triangular matrices 

!/ 1 Xx,2 Xi, 3 
1 x 2 , 3 
1 
\ 

With obvious notation, let X^j be the matrix in G with a 1 in position i,j and 
all other non-diagonal entries equal to 0. Consider the generating 4-tuple 

S = (si = Xi,2, S2 = ^2,3) S3 = ^3,4, S4 = -^1,4). 

The non-trivial brackets are 

[-^1,2, JC2,3] = -^1,3, [-^2,3, -^3,4] = X2A, [-^1,2, -^2,4] = [-^1,3)^3,4] = -X"l,4- 

Let a = (1,2,5,1/3). The 2-dimensional weight system tx> is generated by 
w(si) = (l,0),w(s 2 ) = (|, ±),u>(s 3 ) = (i,0),w(s 4 ) = (3,0). This implies 

tfl([*l j2 ,*2,3]) = (|, |),tfl([Jr 2 ,3,X 3 ,4]) - (1,|), 

w([X lt2 ,[X 2t3 ,X 3A }]) = (2,i),w([[X lj2 ,X 2>3 ],X 3t4 }) = (2,|). 

Ignoring (as we may) the weight values that would obviously lead to trivial 
quotients G™/G™ +1 , we have wi = (|,0),fD 2 = (|, 5), w 3 = (1,0), u) 4 = (1, |), 
i'5 = (|, |), w 6 = (2, |) and W7 = (3, 0). Next we compute the groups Gf . We 
have 



G™ — Gg — < -X"i,4 > 



c 


^5 


= < -Xj.,4, Xi t 3 > 




c 


"~ T 4 


= < -^1,4,^1,3,^2,4 > 




c 


G? 


= < -^1,4,^1,3)^2,4,^1,2 > 




c 


G™ 


= < -^1,4,^1,3,^2,4,^1,2,^2,3 


> 


c 


G5" 


= < -^1,4)^1,3)^2,4,^1,2)^2,3 


7 ^3,4 >= G 



%1A \ 

a; 2 ,4 

£3,4 

1 / 



€ Z 
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This gives 
and 

D 2 (5,tti)=Q + i + + i + i + = |. 

We believe that the associated upper bound A*Sa( e ) — Gn~ 15 / 2 [log n] _3//2 is 
sharp but, at this writing, we are not able to obtain a matching lower bound. 

As a corollary of Theorem 14.81 we can prove Theorem 11.131 The bracket 
length £(g) of an element of G is defined just before Theorem 1 1.1 31 

Corollary 4.10. Referring to Theorem l4.8l assume that S and a are such that 
there exists i G {1, . . . , fc} with the property that 

(a h i(si)) = (2,1) or ad{si) < 2. 

Then 

lim n D ^/ 2 ^ s n) (e) = (4.13) 
n— >oo ' 

where D{G) — ^2j rank(Gj /Gj+i) where Gj is the lower central series of G. 

Proof. Pick ig among those i € {l,...,fc} such that (cti,£(si)) = (2,1) or 
ai£(si) < 2 so that a.i is smallest possible. Let ro' = ro(a) be the 2-dimensional 
weight system introduced in Theorem 14.81 and let — 5(a) be the weight func- 
tion system appearing in the proof of Theorem l4.8l Let to be the weight system 
that assigns weight (1/2,0) to every Si € S with weight function F Si = (l + r)?. 

If a lQ < 2/l(s la ) then by Theorem GLl shows that D^S^Xv') > D(S,K>) = 
D(G)/2. If ai n = 2 then we must have £(si ) — 1. This time, it follows 
that D 2 (S, ro') > 1/2 > D 2 {S, ro) = 0. In both case, Theorem lL8l show that 
A*S(e) = o{n- D ^/ 2 ) as desired. □ 

The next statement illustrates the use of a weight system ro and weight- 
functions system ^ that are not tightly connected to each other (including cases 
when the weight functions F c cannot be order in a useful way). 

Theorem 4.11. Let G be a finitely generated nilpotent group equipped with a 
generating k-tuple (si, . . . , Sfc). Assume that /i is a probability measure on G of 
the form (|4.2p with 

IM(n) = + \n\)- ai -%(\n\), 1 < i < fc, 

where each li is a positive slowly varying function satisfying £i(t b ) ~ £i(t) for 
all b > and on 6 (0,2). Let to be the power weight system associated with 
a = (ai, . . • , «fe) by setting Wi — l/a^. Let (c,)* be a t-tuple of formal commu- 
tators such that for each h, the family {cj : w(cj) = w^} projects to a linearly 
independent family in G™/G™ +1 . Let (sf 1 )jL 1 be the list of all the letters (with 
multiplicity) used in the build-words for the commutators Ci, 1 < i < t. Then 

/x(")(e) < Cn~ D( ^ s ^L(ny 1 
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where 

N 

D(S,to) =^^ h rank(G£/Gt +1 ) and L{n) = Y[£ ij (n) 1/ai i . 

h 1 

Note that this theorem does not offer one but many upper bounds. For each 
n, one can choose the commutator sequence (ci)\ so as to maximize the size of 
the resulting L(n). 

Example 4.3. Consider the Heisenberg group 

( I 1 x z \ 
G=\ \ 1 y ) :x,y,z e 




with generating 3-tuple S = (X, Y, Z) where X is the matrix with x = 1, y = z = 
and Y, Z a defined similarly. Let a = (ai, a 2l 03) 6 (0, 2) and let t\ = 1, ^2, ^3 
be slowly varying functions such that £2 < £3 if and only if n € Ufc[n2jt, n2fe+i] 
for some increasing sequence rik tending to infinity. We also assume that £2 , £3 
satisfy £i(t b ) ~ ^(t) for all 6 > 0. Applying Theorem SHU we obtain: 

• If — < — + — then we have 

a 3 a± a 3 

• If — > — + — then we have 

a 3 Qi a 3 

• Finally, if — — — + —, we have 

J 1 Q 3 ai CK3 

/" 2_ 

MM s n m —h J ^ 2 ( n ) ° 2 if n 6 Ufe[n 2 fe_i,n 2 fc] 



'(e) < CVT~ 



£ 2 (n) Q 2£ 3 (n)"3 if n G U fc [n.2fc,n 2 fc+i]. 



Example 4.4 (continuation of Example l2.4ll2~5|) . Consider again the Heisenberg 
group with S = (si = X, s 2 = Y,s 3 = Z). Set F x (r) = r 3 / 2 , F 2 (r) = r 2 log(e + 
r), Fs(r) — r 1 with 7 > 3/2. Let /x be the probability measure which assigns to 
s", i = l,2,3,n€Za probability proportional to \F~ i (\ \)) ' Namely, 

1 3 

K9) = 3 X] XI MiW 1 *? (5), = — 

i=l n6Z 

Referring to the notation (|4.3I)(|4.4[) , we have 
Si(n) ~ (l+n) 2 -^ 3 ), ai = 2/3, L x = 1, 

&(n) ~ (l + nJ^^pogfe + nJJ-Va, d 2 = 1/2, L 2 (n) ~ [log(e + n)]~ 1/2 
&(n) (1+n) 2 - 1 ^, 53 = 1/7, ^3 = 1. 
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Apply Theorem 14.111 with on = an, ti = Li. If 7 £ (3/2,7/2], use the sequence 
of formal commutators (ci = S\,C2 — S2,cs = [si,S2])- If 7 > 7/2, use the 
sequence of formal commutators [c\ — si,C2 = S2,c^ = S3) instead. This gives 



Below, we will prove a matching lower bound. 

5 Norm-radial measures and return probability 
lower bounds 

The aim of this section is to provide lower bounds for the return probability for 
the random walk driven by the measure [is,a on a nilpotent group G, that is, 
lower bounds on A*sa( e )- These lower bounds are obtained via comparison with 
appropriate norm-radial measures. 

5.1 Norm-radial measures 

A (proper) norm || • || on a countable group G is a function g 1— > \\g\\ £ [0, 00) 
such that \\g\\ = if and only if g = e, #{.g|| < r} is finite for all r > 0, 
\\g\\ = Wg^W and \\gig 2 \\ < \\gi\\ \\g2\l If the triangle inequality is replaced by 
the weaker property that there exists K such that ||<?i<?2|| < -^ll<?i||||<?2||, we say 
that || • || is a quasi-norm. 

The associated left-invariant distance is obtained by setting ^(51,52) = 
H*?] -1 ^!!- A norm is K-geodesic if for any element g £ G there is a sequence 
gi,...,g N with TV < n\\g\\ such that \\g^ 1 gi+i || < k. 

A simple observation is that any two K-geodesic proper norms || • ||i, || • ||a 
are comparable in the sense that there is a constant C £ (0, 00) such that 



The word-length norm associated to any finite symmetric generating set is 
a proper 1-geodesic norm. Most of the quasi-norms that we will consider below 
are not K-geodesic. In general, they are not norms but only quasi-norms. 

Theorem 5.1. Let G be a countable group. Let \\ ■ \\ be a norm on G such that 




C-lsllr < ||<?|| 2 < C-IMl!. 



Vr > 1, V(r) = #{g : \\g\\ < r} ~ r 



,D 



for some d > 0. Fix 7 £ (0, 2) and set 




Then we have 



~ cn 



-Dh 



(5.1) 



34 



Remark 5.2. This is a subtle result in that, as stated, it depends very much on 
the fact that || • || is norm versus a quasi- norm. Indeed, the lower bound in (15 . 1 1) 
is false if 7 > 2 and the only thing that prevents us to apply the result to || ■ || e 
with 9 > 1 is that, in general, || ■ || e is only a quasi-norm when 6 > 1. However, 
by Theorem ll.9[ (I5.1[) holds true for any measure v such that v ~ v 1 . 

Remark 5.3. Definition 12.81 provides a great variety of examples of norms to 
which Theorem 1 5 . 1 1 applies . 

Proof. The probability of return (e) behaves in the same way as the prob- 
ability of return of the associated the continuous time jump process. For the 
continuous time jump process, the result follows from pQ. □ 

5.2 Comparisons between \ig_ a and radial measures 

Let G be a countable group. Let || • || be a quasi-norm on G. Set 

Vr > 1, V{r) = #{g : \\g\\ < r}. 
Let cj) : [0, 00) — > (0, 00) be continuous. Consider the following hypotheses: 

3C, Vr>0, V(2r) < CV(r); (5.2) 
3C, VA g (1/2,2), t g (0,oo), (t>(t) < C^Xt); (5.3) 

and 

E 0(Nimii. 9 ii) <o °- (5 - 4) 



Lemma 5.4. Assume (|5.2p - (|5.3p - (|5.4p . for eac/i n 6 Z, /ei g n g G and A„ C G 
6e swc/i t/iat: 

1. geA n =^ I^VII < G||.a„|| and \\g\\ < C\\g n \\ 

2. V(\\g n \\) < Gn#A„ 

5. V.a g G, #{n : .0 g A„} < G and #{n : <? g j^A,,} < G. 
T/ien £/iere is a constant C\ such that 

V V l/(^n)-/W[ 2 r V |/(xg)-/(x)| 2 
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Proof. Using 2,1 and 3 successively, write 

vv l/(zgn)-/(z)l 2 <r yy \f(xg n ) - f(x)\ 2 #A 
(1 + nWILaJI) - 



n)4>(\\g n \\) ~ <t>(\\9n\\)V(\\g n \\) 

< C 'E E E 



l/terVO-ZO*)! 2 , l/(x ff )-/(x)p 



< 



\f{xg) - /(*) 



ff-VID^db-VII) <KNIMII.9ll) 



m\\)V{\\g\\) 



□ 



Remark 5.5. Note that under the hypotheses of Lemma 15. 4[ we have 

E ( i +n)0( || 5n ||) <o °- 

The next lemma will allow us to apply Lemma 15.41 in the context of Theorem 
12.101 Assume that G is a nilpotent group generated by the k -tuple (si, . . . , Sfc). 
In addition, we are given a weight system to and weight functions -F c such that 
(|2.1jl - (|2.2| holds. Observe that for any commutators c, c', we have 

Vri,ra>l, F c .of; 1 ( ri +r 2 )-f,oF; 1 (ri) + ^^; 1 (4 (5.5) 

Indeed, it follows from our hypotheses that F c > o i 7 "" 1 is an increasing doubling 
function. 

Lemma 5.6. Referring to the setting of Theorem 12.101 fix h £ {1, . . . ,q}, 
i G {mh-i + 1, . . . rrih-i + Rh} and an integer u. For each neZ, let z n G G™ +1 
with \\z n \\$, com < F Cl o F- l {n). Set 

g n = 7r(c"")z„ G G 



(q m,h-i+Rh \ 
II II cA:\ Xj \<F Cj oF-\n), Xi =\^\. 

Then (g n ) and (A„) satisfy the hypotheses 1,2 and 3 of Lemma 15.41 

Proof. By Proposition [2TT71 and Theorem ETTO1 ||g„||j, com ^ i^i of-^n) and 
g G A„ implies 

\\gh^<CF Cl oF-\n), 




so, Property 1 in Lemma I5T4I is satisfied. Property 2 also follows from Theorem 
12.101 and the proof of Theorem [ 
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Suppose that g € A„ fl A m . Then, computing modulo G™ +1 and using 
the fact that [G%,G%] C G£ +1 we obtain that \un/2\ = [um/2\. Similarly, 
g € g^An n g~ 1 A m implies n + [un/2\ = m + [um/2\ . In both cases we must 
have |n — m| < 1. This shows that Property 3 of Lemma T5 .41 is satisfied. □ 

The main result of this section is the following theorem. 

Theorem 5.7. Let G be a nilpotent group with generating the k-tuple S — 
(si,...,Sfe). Let I tor — {i € {1, ...,&} : Sj is torsion in G} . Fix a weight 
system tr and a weight-function system J? suc/i i/ia£ (|2.1)) - ()2.2[) are satisfied. Let 
II ' II = II ' lis, com be the associated quasi-norm introduced in Definition 12.81 For 
each i € {1, . . . , k} \ I tot , let 

hi = jw(si)- 



Let cj) be such that (|5.3p - (|5.4j) are satisfied. 

Let [i be a probability measure on G of the form 

1 fe 

vis) = ^X/X/^W 1 *?^) 

j=i nez 

where fa is an arbitrary symmetric probability measure on Z if i G J tor and 

^"'^H^oF^n))' C,1= ^(l + n )^ Cl oF h »)' 
/or i € {1, . . . , fc} \ /tor- 27ien £/iere exists C such that 

£»{f,f)<C£ v {f,f) 

where 

K5) = ^iMiMNi)' c * 1= ^WgWWr 

In particular, there are constants c > and N such that 

^ 2n \e)>c^ 2Nn \e). 

Proof. Fix i and write s = s, . By Definition I2.13[ either s is a torsion element 
and s K = e for some k or j ro (s) — h < oo. In the second case we can find k such 
that 

s k =tt( )z, x mh _ 1+p ^ 0, zeG% +1 . 

m h _i+l 

If s is torsion, it is very easy to see that £ s ,u,i(f, f) < Cv{f, /). In the course of 
this proof, C denotes a generic constant that may change from line to line. If s 
is not torsion and 

m h -i+P 

s K = 7r( l[ cf*)z, x mh _ 1+p + 0, 2 6Gt +1) 
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set F = -F Cm (we have F ~ F Cj , j G {mh~i + 1, m^}). Then, for any n, we 
have 

m h -i+p 

s Kn = 7r( H <%* n )z n mth\\z n \\<CF cl oF- 1 (\n\), z n £G% +v 

nih-l+1 

Now, write n = nu n + with |t> n | < k and 

E i/(» s ") - /(5)i 2 < 2 (E i/(-9 sKtl ") - /(5)i 2 + E - /(3)i 2 )- 

s 9 a 

By Lemma 15.61 and Remark 15.51 the hypotheses of Theorem 15.71 imply that 
£X(1 + ri)0(||s n ||))~ 1 < oo. Hence, it is is easy to check that 

\^\^ \ f(gs Vn ) - f(g)\ 2 ^ r, c , t ^ , Kei , 

Consequently, it suffices to show that 

(l + nM|| S »||) ^ G ^/,/J- 
Wc have ||s"|| ~ ||s K "™|| ~ F Cl oF" 1 ^). Hence 

| /(gs ^)- /(g) |2 | /(gs ^)_ /(g) |2 

(l + n)<t>(\\s"\\) ~ ^^^oF-HO)' l ' J 
Next, set ii = wih-i + 1, *2 = mh-i + P an d write 

EEi/(^)-/(s)i 2 
^ <° ( EE E I/OK*? 4 ')) - /(s)i 2 +EEi/K" !< ) z ') - /(s)i 2 ) ■ 

\ 5 ^ *=ii S i / 

By Lemmas 15. 4115.61 for each i = ii, . . . , %2 — 1, we have 
EE l/(^))-/( g )P <cg 

V< (i+^(WOll) " 

and, since z £ G G£ +1 and [|^[| < CF Cl o F _1 (£), 

E E l/(g7r(c - 2 ^ £) "/ (g)|2 < /). 

Further, for each i = ii, . . . with xi ^ 0, we have 

Hc^ll^oF- 1 ^) 
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x ■ £ - i 

as well as ||7r(c** 3 )zt\\ — F C1 oF~ (£). Hence (15. 7ft and the above estimates give 
W l/(ff^"")-/(.9)| 2 <rF (f « 

z^Z. (i + n )0(|| a »||) ^w>/;- 



9 

Together with (|5.6p . this gives 



S £ (1 + „wjL»[[) " /} ' 
Since this holds true for each s = Si, i = 1, . . . , k, the desired result follows. □ 



5.3 Assorted corollaries: return probability lower bounds 

In this section we use the comparison with norm-radial measures to obtain 
explicit lower estimates on ^s\(e)- The simplest and most important result of 
this type is as follows. 

Theorem 5.8. Let G be a finitely generated nilpotent group equipped with a 
generating k-tuple (si, . . . , Sk) and a k-tuple of positive reals a — {a\, . . . , ak) € 
(0, 2) fe . Let ro be the weight system which assigns weight Wi — l/cnj to Sj. Then 

/42(e) > c s , a n- D ^ 
where D(S,to) = Y, h ™h rank(G"/G™ +1 ). 

Remark 5.9. This lower bound matches precisely the upper bound given by 
Theorem WM Thus, as stated in Theorems PEg for any a £ (0,2) fe , 



4» 



Note however that, in Theorems 1 1 . 2tfT7Sl the constraints on the a^s is weaker. 
This more general case will be treated below. 

Proof. Fix a sequence S = (q)* of commutators as in Theorem 12 . 101 and let j| • || 
be the associated norm || • || = || • ||s introduced in Definition 12.81 Note that, by 
Remark 12 .91 || • || is indeed not only a quasi-norm but a norm. By hypothesis, 
\/w{ci) < 2. Hence Theorem 15.11 together with Theorem 13.21 shows that the 
norm-radial measure 

»(g) ( 



Q. + \\9\\y'">WV(\\9\\) 
satisfies 

Theorem 15.71 produces a symmetric measure /i such that < CE V . This mea- 
sure fi is given by 

1 k 

^ 9 ) = k H ^ ( n ) ls i (9) 

j=i nez 
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where [ii is an arbitrary symmetric probability measure on Z if i £ I tot and 

Ci 



(l+njfl + ^oF^n)) 1 /^) 
with 



Ci 



4- (i 



^ (1 + n)(l + F C1 o F^(n)) lMci3 



for i g {1, . . . , fc} \ J tor . In the latter case, we have (i) = t Wh * with > 
w ( Si ) = l/oi and F Cl (t) = t w ^ . Hence 

~ + ~ (l + n)i+«<- 

It follows that if we pick /Ltj to be given by /U,(n) = Cj(l + n)~( 1+Qi ) for i 6 I tor , 
and /^i = Ci(l + n) 1+1 / Wh i if i £ J\ J tor) we obtain a measure such that 

By Theorem II .91 this implies that there are c, TV £ (0, oo) such that 

Thus the lower bound stated in Theorem 15.81 follows from (15.81). □ 



The following theorem extends the range of applicability of the previous 
result. In particular, the statement is different but equivalent to the statement 
recorded in Theorem 11.81 See also Theorem 15.131 below. 

Theorem 5.10. Let G be a finitely generated nilpotent group equipped with a 
generating k-tuple (si, . . . , s&) and a k-tuple of positive reals a = (ai, . . . , a*,) £ 
(0, oo] k . Set on = min{aj,2}. Let ro be the weight system which assigns weight 
1/oLi to Si £ S. Let £ be a sequence of formal commutators as in Theorem l2.10l 
Assume that w(s) > 1/2 for all s £ core(ro, S, £). Then 



/4» 



Proof. The upper bound follows from Theorem 14.61 The lower bound is more 
subtle. Consider any s £ S such that w(s) — 1/2 (i.e., s = Si with ai > 2). 
Observe that 1/2 is the lowest possible value for weights in ro and that the 
hypothesis that w > 1/2 on core(ro, S, S) implies that Gf/G™ is a torsion 
group. In particular, this implies that Wj„,( s ) > 1/2 = w(s). By Corollary 12.191 
the weight system ro' generated by 



w'{s) = 



w{s) if w(s) ^1/2 
w 2 if w(s) = 1/2 
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is such that w(s) < w'(s) < Wj K (s) f° r all s E 5 and w'(s) > 1/2 for all s 6 S. 
Now, Theorem 15 . 71 gives the comparison £ Ms a < CF V with 



However, since the minimum weight value idj may be equal to 1/2, we cannot 
apply Theorem 15.11 directly. We proceed as follows. By the definition of w' and 
Corollary I2.19[ we have 

V. 9 eG, Wgl&^Watp- 
Note that this implies that 

Vv, n (\\g\\v, w ) = #{g' e G : ||</|| E , ra < \\g\\^ n } ~ VsMMs,*)- 
Hence we have 

F ~ F i 

where 

v 1 

v [g> (l+wgWs^y^vsMhWs,^)' 

Now, since by construction w' s > 1/2, we can apply Theorem 15.11 which gives 
(j/)(n) ( e ) ~ n -- D (S',m') = n -u(S,w), Also, we have £ MSa < C£„ ~ Hence 

/#>(e) > 



This ends the proof of Theorem 15.101 □ 

Our next results provides a comparison between the behaviors of two mea- 
sures [is >a and Us 1 , a'- Compare to Corollary 1 1 . 1 21 and Theorem l 1 . 1 31 which treats 
comparison with ns',a' when a' = {a!jj\ S (2,oo] fc , a case that is excluded in 
Theorem EH] 

Theorem 5.11. Let G be a finitely generated nilpotent group equipped with a 
generating k-tuple (si, . . . , Sfc) and a k-tuple of positive reals a = (a.\, . . . , a/;) S 
(0, oo\ k . Set &i = min{aj,2}. Let to be the weight system which assigns weight 
1/dti to Si E S. Fix another weight system to' = (w'i, . . . , w' k ) with minimal 
weight w' s > 1/2. Let E be a sequence of formal commutators as in Theorem 
12.101 for (S, to'). Assume that w(s) > w'(s) for all s <E core(ro', S, £). Then 

4»)(e)= („-^')) 

if and only if there exists s£S such that w(s) > w'j ^ s y 

Proof. Apply Theorems 14. 61 and 15. 101 together with Corollary 12 . 191 and Theorem 
EH □ 
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Theorem 5.12. Let G be a finitely generated nilpotent group equipped with a 
generating k-tuple (si, . . . , Sfc) and a k-tuple of positive reals a = {a\, . . . , a&) £ 
(0, oo] fe . Set OLi — min{o;i,2}. Let ro be the weight system which assigns weight 
u'i = 1/5, to Si. Then there exists A > such that 

^l(e)>c s , a n- D ^[\ogn}- A . 

Further, let £ be as in Theorem 12.101 applied to (S, ro) and assume that 
cti — 2 for all i G {1, . . . , k} such that Sj € core(S', ro, £). Then 

4>)^[nlognr^/ 2 . 

Proof. The proof of the general lower bound is essentially the same as for The- 
orem [5751 except that we cannot rule out the possibility that w{cx) = 1/2. If 
w(ci) > 1/2 then the previous proof applies and we obtain /^"^(e) > cn~ D ( S ' m ^ 
which is better than the statement we need to prove. If w(ci) — 1/2 then we 
have a comparison 

£ PS , a < C£ v (5.9) 

with 

C 

V{9) = {l + \\9\\?V{\\g\\r 

To conclude, we need a lower bound on v^ n \e). This turns out to be rather 
subtle and difficult question in the present generality. In [16] we show that there 
exists A > such that 

!/W(e) > cn- D(s ^[logn]~ A . (5.10) 

This proves the desired lower bound on fig „{e). 

When on — 2 for all i G core (5, ro, S), it follows that 

D(S»=G(G)/2 and || 5 || ~ \g\ s 

where \g\s denotes the usual word-length of g over the symmetric generating 
set {sf 1 : 1 < i < k}. Theorem 14.81 provides the upper bound 

For the lower bound, by the Dirichlet form inequality (|5.9[) , it suffices to bound 
v^ n \e) from below. Using the fact that \\g\\ ~ \g\s, we prove in [TB] that, in this 
special case, (|5.10p holds with A = D(G)/2. This provides the desired matching 
lower bounds 

^(e)> C [nlogn]-^ G )/ 2 . 

□ 
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Theorem 5.13. Let G be a finitely generated nilpotent group equipped with a 
generating k-tuple (si, . . . , Sfc) and a k-tuple of positive reals a — {a\, . . . , a&) £ 
(0, oo] fe . Set 5, = min{aj,2} and Wi = l/a*. Lei tt> fee £/ie associated weight 
system. Let E 6e as in Theorem 12. 101 avvlied to (S,Xai). Let 

Q = (9i=s il ,...,9 K = s i>K ) = core(S, to, S). 

Le< if &e the subgroup of G generated by O. Set b — (/3i = , • • • , f3 K — oti H ) } 
Pi = ot-u, v(9i) = w^Sij). Let v be the weight system associated to v on (H,Q), 
respectively. Then 

D(6,0) = D(S,K>). 

In particular, letting eH,ea be the identity elements in H and G, respectively, 
we have: 

• if Q.i £ (0, 2) for all i such that Si £ core(S', to, S) then 

,£(e G ), M «"»(e fl ), n -^). 

• if oci — 2 for all i such that Si £ core(S', to, E) then 

Remark 5.14. One can easily prove that H is a subgroup of finite index in G. 
It is also easy to prove by the direct comparison techniques of [T5] that 

w (2Kn) , \ r~< (2n) / n 

V ™> Ms,a ( e Gj < Cn^ b '(e H ) 

for some integer K and constant G and for each a = . . . , The converse 
inequality seems significantly harder to prove although we conjecture it does 
hold true. 

Proof. First we observe that D(Q,v) < D(S,ixi). Indeed, this follows immedi- 
ately from the obvious fact that 

{.geffilMl^r <r}c{ 5 eG:|| 5 ||^ s <r}. 

To prove that D(9,t>) > D(S,Xo), it is convenient to introduce the generating 
fc-tuple S* = (s*)J of H such that s*j = s ij if s ij = ■ e 6, and s*. = e 
otherwise. Both S and S* are equipped with the weight system lx>. Obviously, 
the non-decreasing sequence of subgroups (Hf) is a trivial refinement of the 
sequence {H°) in the sense that the two sequences differ only by insertion of 
some repetitions. For instance, A,B,C may become A, A, B, B, B, B,C. It 
follows that D(0,d) = D(S*,K>). The notational advantage is that the weight 
system tx> with increasing weight-value sequence Wj is now shared by S and S* . 
We wish to prove that 

va,nk{Hf/Hf +l ) > rank{Gf / G^ +1 ) . 



43 



The (torsion free) rank of an abelian group can be computed as the car- 
dinality of a maximal free subset. Set R = R™ be the torsion free rank of 
G™/G™ +1 . Let (c mj _ 1 +i, . . . , c mj _ 1+ R) be the formal commutators given by 
Theorem 12.101 which form a maximal free subset of G™/G™ +1 . By definition 
of core(5, to, E), the images of these formal commutators in G belong to H. 
In fact, they clearly belong to HJ? C Gf. Now, we also have Hf +l C Gf +1 . 

Assume that Hm'-Ii+i c ? = e i n Hf/Hj+i- Then, a fortiori, this product is 
trivial in 

Tjtv /-(to ir vm ~ u m ii Ti m n r 1 "' "\ 
g j+i/ g j+i — a j /(-"j n G i+ii 

since (7?™ n G™ +1 ) C H™ +1 . In particular, this product must be trivial in 

Gf/Gf +1 . This implies that x t = for all i so that Hf/Hf +l admits a free 

subset of size R. It follows that rank(iJj D /iJj t ^ 1 ) > R as desired. □ 

To state the final result of this section, we need some preparation. Consider 
the class of measure /i of the form (|4.2[) with 

H i (n) = n i (l+\n\)- ai -H i (\n\), 1 < * < k, (5.11) 

where each £i is a positive slowly varying function satisfying li(t h ) ~ ^j(t) for 
all 6 > and «j G (0, 2). Consider the weight-function system $ generated by 
letting Fi be the inverse function of r H r ai jliir). Note that Fi is regularly 
varying of order 1/at and that Fi(r) ~ [r£i(r)] 1 / ai , r > 1, i = l,...,k. We 
make the fundamental assumption that the functions Fi have the property that 
for any 1 < i,j < k, either Fi(r) < CFj{f) of Fj(r) < GF,(r). For instance, 
this is clearly the case if all cti are distinct. Without loss of generality, we can 
assume that there exists a multidimensional weight system tn, say of dimension 
d, with 

Wi = (vj,..., vf), v\ = I/a,, l<i<k, 

and such that tn and $ are compatible in the sense that (|2.1j) - (|2.2p hold true. 
Separately, consider also the one-dimensional weight system generated by 
Vi = I/a,-, 1 < i < k. Note that one can check that 

j j 

where, by definition, wj = (vj, . . . , Fix a e (0,2) such that 

ao > maxfoj : 1 < i < k} 

and ao/ai N, i = 1, . . . , k. Observe that there are convex functions Ki > 0, 
i = 0, . . . , k, such that Ki(Q) — and 

Vr>l, ^(r 00 ) ~^(r). (5.12) 

Indeed, r h-> Fi(r a °) is regularly varying of index olq/oh with 1 < ao/ai ^ N. 
By [5j Theorems 1.8.2-1.8.3] there are smooth positive convex functions Ki such 
that Ki(r) ~ Fi(r a °). If fiTi(O) > 0, it is easy to construct a convex function 
Ki : [0, oo) -> [0, oo) such that i£j ~ ^ on [1, oo) and 2^(0) = 0. 
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Theorem 5.15. Let G be a finitely generated nilpotent group equipped with a 
generating k-tuple (si, . . . , Sfe). Assume that [i is a probability measure on G of 
the form (|4.2[) with /Ltj as in (|5 . 1 1 [) . Lei £j, F,, 3, to, be as described above. Let 
(cj)j &e a t-tuple of formal commutators as in Theorem l2.10l app^eii to G, S, ro, 5. 
Let (sf 1 )^! be the list of all the letters (repeated according to multiplicity) used 
in the build-words for the commutators Cj withi G |J .{mj_i+l, . . . , mj-i+Rf}. 
Then 



fi 



(n) 



(e) ~ n-^^^L^)- 1 



w/iere 

AT 

i(«)=n^(") i/c 



Proof. The upper bounds follows immediately from Theorem l4.11l For the lower 
bound, it is technically convenient to adjoint to S the dummy generator so = e 
with associated weight function Fo(r) = r a ° . Let 2Uo, 3b we the weight systems 
induced by S = (e, s%, . . . , s k ), F , Fx, . . . , F k . 

Apply Theorem 15.71 to G, S, TOq, 3o to obtain that £^ < C£„ where 



\\9\\Z«- V *o>™(\\9ho, m ) 
with Vg 0:Com (r) = #{.g G G : ||.gb , C o m < r}. By construction, 

<9) * T ' 



ID 

where || • || is the norm || • ||^ jCom based on the convex function Ki ~ Fi(r ao ) 
provided by (|5.12|) and V denotes the associated volume function. Indeed, by 
construction we have || • || ~ II ' II 5° com- ^ s II ' II i s a norm, an extension of Theorem 
15.11 obtained in |16) and which allows volume growth of regular variation with 
positive index gives 

„<ri(e) - - - 

1 ' V{n) V, ^(ni/«o) #Q(5 ,3o,«) #Q(S,3,n)' 

Using the notation introduced in Theorem 15.151 we have 

#Q{S,%,r)~n D ^L{n) 

which yields the desired result. □ 

5.4 Near diagonal lower bounds 

In this section we use Lemma l4.4f ii) to turn the sharp on diagonal lower bounds 
of the previous section into near diagonal lower bounds. The key tool is the 
following lemma. 
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Lemma 5.16. Let G be a finitely generated nilpotent group equipped with a 
generating k-tuple (si, . . . , Sfc) and a k-tuple of positive reals a — {a\, . . . , ctk) € 
(0, oo] fe . Let to = ro(a) be the two-dimensional weight system which assigns 
weight u>i = (^,1,^,2) to Si where 

1 

Vii = — , on = min{2, a-i} 
at 

and 

Vi.2 = unless on — 2 in which case v^2 = 1/2. 
Let $ be the associated weight function system generated by 

Fi(r) = r Wi - 1 [log(l + r)] t ' i ' 2 , 1 < % < k. 

Then 

/4 2 : +m W -Mg: +m) W| <C(F s \\\gh, d )/m) 1/2 M g?(e). 
Proof. By Theorem l2.10[ there is an integer p = p(G, S, to) such that any g with 



\y\ 



S.S 



) = r can be expressed as 



9 IK with \ Xj \<CF h (r). 



3=1 

Write = Ms^" 1 ' * Ms"! an d, for each step s^ J , apply Lemma I4.4f ii) to 

obtain 



4!: +m) Ko-4 2 : +m) (*) 



< cft,(l*iir 1/a |^|^ s ,„(Mt +m) ^t +m) ) 1/2 



(n) 
A*S,a 



(n) 



Here, according to Lemma |4~41 £/j(r) = 



if v u 2 = and &(r) = log(l + r) 



if «i,2 = 1/2 (i.e., if a* = 2). Hence, s 2 /Qi(s) ~ F^ 1 (s), which gives the last 
inequality. 

By (TTJ Lemma 3.2], we also have 



This gives the desired inequality. 



(n) 



= Cm- 1 /Vg: ) (e) 1 / 2 . 



□ 



Theorem 5.17. Let G be a finitely generated nilpotent group equipped with a 
generating k-tuple (si, . . . , Sfc) and a k-tuple of positive reals a = (ai, . . . , afc) S 
(0, oo]*. Sei (5i = min{cti,2}. Let ro 6e £/ie weight system which assigns weight 
1/a.i to Si G S 1 . Let S be a sequence of formal commutators as in Theorem l2.10l 
Assume that w(s) > 1/2 for all s 6 core(ro, S, £). Then, there exists e > suc/i 
i/iai, uniformly over the region {i£G: ||aj||s,w < fs(^)}, we /iave 



( n ) /• \ 



-_D(S,ro) 
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Proof. Theorem 15.101 gives Msa( e ) — n D ^ S ' m ^- This, together with Lemma 
15.161 yields the desired lower bound. □ 

Theorem 5.18. Let G be a finitely generated nilpotent group equipped with a 
generating k-tuple (si, . . . , Sfe) and a k-tuple of positive reals a = (a±, . . . , a,k) € 
(0, oo]'\ Set on = min{ai,2}. Let Xo be the weight system which assigns weight 
u'i = l/oti to Si. Let £ be as in Theorem 12.101 applied to (S, tn) and assume 
that on — 2 for all i £ {1, . . . , fc} such that s, G core(S f , Id, £). TTien there exists 
e > such that, uniformly over the region 

{x&G: \x\U\og\x\s}- 1 <en}, 

we have 

^l(x)c[n\o g n]- D ^l\ 

Proof. By Theorem [5TT21 we have Ms"l( e ) - [n\ogn]- D{ - G ^ 2 . Let tt),# be the 
two dimensional weight system and weight function system introduced above 
in Lemma 15.161 It follows from Theorems 12. 10116. 221 and Corollary 12.191 that 
Fg\\\ ■ \\ s , d ) * | • ||/ log | • | s . The result follows. 

□ 



6 Proofs regarding approximate coordinate sys- 
tems 

This section contains the proofs of the key results stated in Sections I2.H I31 
namely, Theorems I2.10II3T] Throughout this section, G is a finitely generated 
nilpotent group equipped with a generating fc-tuple (si, . . . , s/-). Formal com- 
mutators refer to commutators on the alphabet {sf 1 : 1 < i < fc}. 

6.1 Proof of Theorem 13.11 and assorted results 

Theorem 13.11 is one of the keys to the random walk upper bounds of Section 
21 It can be understood as providing a volume lower bound for the volume 
of certain balls together with some additional "structural information" on the 
balls in question. 

Fix a weight system Id and weight functions F c as in Theorem 13.11 Let G? 
be the associated descending normal series in G. By construction, G™ is normal 
in G and, for all p,q,j such that w p + w q > Wj, we have (see Section [TT3l) 

It follows that the commutators map 

G™ x : (u, v) h> [u, v] e Gf 
induces a group homomorphism 
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This yields the following lemma. 

Lemma 6.1 (Similar to [3J Lemma 3]). Let c be a formal commutator of weight 
Wj and let g c be its image in G. There is an integer I = £(c) < 8 J and a 
sequence . . . ,ii) £ {1, . . . , k} e such that, for any r > 1 and n £ 7L satisfying 
\n\ < F c (r), we have 

9c — s n s i 2 s i e moa 
for some ni j £ Z with \rij\ < F Si _ (r). 

Proof. The proof is by induction on j. For j = 1, c must have length 1 and 
5™ = s™ for some i £ {1, . . . , k}. Assume the result holds true for all h < j and 
let c be a commutator of weight Wj . Either c has length 1 and the result is trivial 
or c = [u, v] where u, v are commutators of weights w p ,w p , w p + w q — Wj. Since 
F c = F U F V , for all \n\ < F c (r) we can write n = ab + d with \a\, \d\ < F u (r), 
0<d< F v [r). Then 

g n c = [u,v] ab [u,v] d = [u a ,v b ][u d ,v] mod Gf +1 . 

The desired result follows from the induction hypothesis. □ 

Definition 6.2. Given c, I = 1(c) and (ii,-..,it) as in Lemma |6.1[ for any 

x = (xi, . . . ,X() eZ', set 

g c (x)=g c ( Ill ..,x ( ) = ^^... s ^G. 

Set 

Fj=F, tj =F ij , l<j<i. 

By Lemma 16. 11 if w(c) = Wj and |n| < F c (r) then 

g n c = g c (n(c)) mod Gf +1 

for some n(c) = (ni(c), . . . , nt(c)) with |nj(c)| < F Si . (r) = Fj(r). 

Theorem 6.3. Let ci,...C( 6e a sequence of formal commutators with non- 
decreasing Xo-weights and such that, for each h, the image in G™/G™ +1 of the 
family {c; : w{ci) — Wh} is a linearly independent family. Set 

t 

K(r) = {g£G:g = l[g Ci (xi), x, = (x\, . . .,x\ (ci) ) £ \x)\ < F? (r)}. 

i=l 

Then 

t t t(Ci) 

#K{r) > l[(2F Ci (r) + 1) > W 

1 i=l 3=1 
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Proof. For each { Vl ){ 6 Z* with |^| < F Ci (r), let y 4 = , 1 < * < *> be 

such that 

9ct = ScAYi) mod Gf+i, = %> 1 < * < *• 

Such a (y 1 )! is given by Lemma RTT1 Assume that two sequences {yi)\ and 
are such that ri*=igc,(yi) = n*=iSci(yi)- Tnen by projecting on G^/GJ 
and using the assumed linear independence of the collection of the Cj's with 
w(a) = wi in Gf/G% and the fact that = g Cl (y 4 ) in G?/G%,we find that 
2/i = Vi for those i with w(ci) = w\. This implies that yi = y%. Proceeding 
further up in the weight filtration shows that we must have y, = yi for all 
1 < i < t. This shows that there are at least ni^-FUM + 1) distinct elements 
in K{r) which is the desired result. □ 

Theorem 6.4. Fix a weight system ro and weight functions F c as in Theorem 
13. 11 Let &i, . . .bt be a sequence of elements in G. Assume that : 

1. For each i — l,...,t, there exists an integer h(i) such that bi G ^h(i) 
and bi is torsion free in G™^/GJ^ +1 . Further, for each h, the system 
{h:h{i) = h} is free in G^/G^ +v 

2. For each i = l,...,t, there exists and increasing function F l , a positive 
integer £(i) and a sequence j\, . . . such that, for any r > and any 

integer n with \n\ < F l (r), there exists n l = (n\, . . . , with \n l q \ < 

Fji(r) satisfying 

9=1 

For x = (xi, . . . , x m ) G Z^ l \ set bi(x) = FJ^i s*? G G and 
t 

K(r) = {geG:g = JIM*). x t = (x\, . . .,x\ {i) ) G ll^ , \x g \ < F^r)}. 
»=i 

Then 

t 

#K(r) > Y[(?Fi(r) + 1). 
l 

Proof. This a straightforward generalization of Theorem [631 Instead of consid- 
ering commutators and their natural weight function F c , we consider arbitrary 
group elements b with associated weight function^* 1 with the property that b 
is free in G™/G™ +1 , for some u,h, and b n , \n\ < F(r), can be express modulo 
G™ +1 as a fixed product of powers of generators with properly controlled expo- 
nents. The proof is essentially the same as that of Theorem 16.31 Namely, for 
each (yi){ G Z* with \yA < F^r), let y t = {y)f^ , 1 < i < t, be such that 

&r"=b,(y,) modG^ )+1 , l<i<t. 
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Such a (y 1 )* exists by hypothesis. Assume that two sequences (yi)\ and {yi)\ 
are such that n»=i b l (yi) = Ili=i b l (yi). Then by projecting on G^/G™ and 
using the assumed freeness of the collection of the bi's with = 1 in G^/GJ 
and the fact that b™ iVi = b z (y J ) in Gf/G™,we find that j/j = for those i with 
= 1. This implies yi = yi- Proceeding further up in the weight filtration 
shows that we must have yi = yi for all 1 < i < t. This shows that there are at 
least JIi^^M + 1) distinct elements in K(r), as desired. □ 

Remark 6.5. Theorem 16.41 allows for much more freedom than Theorem 16.31 
This freedom is used in the proof of Theorem 13.41 

6.2 Commutator collection on free nilpotent groups 

In this section, we prove the following weak version of Theorem 12.101 

Theorem 6.6. Referring to the setting and notation of Thcorem l2.10l assume 
that (|2.1|) - (|2.2p hold true. Then there exist an integer t — t(G, S, fo), a constant 
C = G(G, S, to) > 1, and a sequence E of commutators (depending on G, S 1 , K>) 

ci, . . . , Ct with non- decreasing weights w(c\) ■< ■ ■ ■ ■< w(ct) 

such that 

(i) For any r > 0, if g G G can be expressed as a word u) over £(S') ±1 with 
deg c (oj) < F c (r) for all c G £{S) then g can be expressed in the form 

t 

g = JJcf with \xi\ < F Ci (Cr) for all i € {l,...,t}. 

i=l 

(ii) There exist an integer p — p{G,S,X*o) and G {1, . . . ,k} p (also de- 
pending on (G, S, tn) such that, if g can be expressed as a word uj over 
{cf 1 : 1 < i < t} with deg c . (cj) < F Ci (r) for some r > then g can be 
expressed in the form 

p 

<l 1 1 < with \xj\ <F l3 (Cr). 

3=1 

Remark 6.7. Note that it must be the case that, for any j, the image of {ci : 
w(cj ) = wj} in Gf /Gf +1 generates Gf /Gf +1 . The key difference with Theorem 
12. 101 is that Theorem l6.6l does not identify a maximal subset of {ci : w(ci) = Wj} 
that is free in Gf/Gf +1 . 

The proof of Theorem 16.61 requires a number of steps. The first observation 
is that it is enough to prove Theorem 16.61 in the case of the free nilpotent 
group N(k, tj on k generators Si, . . . , s& and of nilpotency class I. Indeed, once 
Theorem 16.61 is proved on N(k,£), the same statement holds on any nilpotent 
G of nilpotency class i equipped with a generating k-tuple S via the canonical 
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projection from N(k, £) to G (by definition, the canonical projection is the group 
homeomorphism from N(k,£) onto G which sends the canonical k generators of 
N(k,£) to the given k generators of G). 

Notation 6.8. For the rest of this section, we assume that G = N(k,£) is 
the free nilpotent group N(k, £) equipped with its canonical generating set 
S = (si, . . . , Sfc) and the multidimensional weight-system tt> generated by the 
(u>i, ...,Wk)- Without loss of generality, we assume that the commutator set 
£(£) is equipped with a total order -< such that the function 

w : €{S) 3c^ w{c) e (0, oo) x IT*" 1 

associated with the given weight system tt> is non-decreasing. Hence, c -< d 
implies w(c) r< w(d). In addition, we let J be a weight function system that is 
compatible with tn in the sense that (|2.1| - (|2.2j) hold true. 

Notation 6.9. Recall that deg c (u;) denotes the number of occurrences of c ±x 
in the word u> over £(S). Similarly, we define deg*(w) to be the number of 
occurrences of c minus the number of occurrences of c _1 in a word over £(5*). 

On £(5), consider the map J such that J(s* 1 ) = sf 1 and J([a,b]) — [b,a\. 
Abusing notation, we also write J(c) = c _1 . Note that J 2 is the identity. 
Restrict J to €*(S) — {c : J(d) ^ c} (where J(c) = c is understood as equality 
as formal commutator so that J(si) ^ Sj and J([a, 6]) = [a, b] if and only if 
a = b). Let <t* + be the set of representative of <L*(S)/ J given by c e £+(5) if 
and only if c = Sj or c — [a, b] with a >~ b. 

It is convenient to enumerate all formal commutators in €*^(S,£) and write 

£* + (S,£) = {c 1 ,...,c t }, t = #£* + (S,£). 
Since £ is fixed throughout, we write 

£%(S) = €* + (S,£). 

Note that, a priori, this list contains commutators that are trivial in N(k,£). 
This does not matter although these formal commutators can be omitted if 
desired. Let us describe the basic collecting process on Nk,i. 

Commutator collecting algorithm 

• Given a word oj = d^c^...c^ in €* + (S) U €* + {S)-\ first identify the 
commutator of lowest order with respect to -<, say it is commutator Cj. , 
mark all the contributions of Cj. to uj from left to right in order: {yi, y q }, 

!h 6 !'V : 1- 

• Starting with y\, move y%, y q to the left one by one by successive com- 
mutation. Note that every time jumps backward over a commutator c, 
the jump produces the sequence ...Ci-dyc^Ci^.... It follows that all commu- 
tators that are created in this process belong to £+(S) and have weight 

y 2w(ci 3 ) y w(ci 3 ). 
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• After yi,...,y q have been moved to the left, we obtain a word y\...y q uj' 
with the same image as uj, and where uj' is a word in commutators >- Ci j . 

• Apply the previous steps to uj' , producing uj" and continue until the pro- 
cess terminates after at most steps. 

This proves the following weak version of M. Hall basis theorem [9J Theorem 
11.2.3] (in Hall's more sophisticated version, only the so called "basic" commu- 
tators are used and this results in a unique representation of any element of 
N{k,l)). 

Proposition 6.10. Any element g £ N(k,£) has a representation 

Xi Xn X+ ^17 

g = Cj c 2 ...c t , Xi £ Ei. 

Next we want to have some control over {xi, 1 < i < t}. Let's start with a 
simple binomial counting lemma adapted from [51 page 173] and [35]. We will 
use the following notation. For any two commutators Cj y Ci, let C n -\(i,j) be 
the sets of all commutators c £ <£+(S) such that there exist eo, • ■ • , e„ £ { — 1,1} 
such that c^" = [• • • [c e °, c- 1 ], . . . , c-" _1 ] (as formal commutators in £(£)). 

Lemma 6.11. Consider a word uj in {cj : Cj y Ci}^ 1 . Let to — deg Ci uj, 
and let {yi, ...,y m }, yj £ { cf 1 }, be the left to right contribution of Cj to uj. For 
< q < to, there is a worduj q in {cj : Cj y Ci} ±x which starts with y\...y q , whose 
left to right contribution of cf 1 is yi, . . . , y m , and in which, for all Cj y e,-, 

deg c .(w 9 ) < deg cj (w)+g Y deg c (u) + f J Y deg c (w) 

E de Sc( w ) 

Further, if d denotes the lowest commutator in uj with d y Ci then contributions 
of commutators c with w(c) -< w(d) + w(ci) remain unchanged in uj q . 

Remark 6.12. Note that, after we move all contributions of a to uj to the left, 
we obtain a word uj m with same image as uj of the form 

uj m = c?u>' m 

where x = deg*. (uj), uj' m is a word in (1 {c y Ci}] ±:L , and in which the 

contributions of commutators c with w(c) -< w(d) +w(ci) remain the same than 
in uj. 

Proof. The proof is by induction on g. It holds trivially for q = 0. The induction 
hypothesis gives us a word UJ q —\ with 

de Sc 3 K-i) < d eg Cj M + (q - 1) Y deg c (w) + r 2 1 j Y de ScM 

+- + (V) Y de s»- 
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Now, we move y q to the left as in the collecting process by successive com- 
mutations. To keep track of contribution of Cj, notice that a new contri- 
bution of Cj is produced only if y q jumps over a commutator c ±x such that 
[c ±:L ,2/(j] = c^ 1 . Further, u>([c ±:L , y q ]) = w(c) +w(ci) h w(c') + w(c,). Hence, Cj 
must satisfies w(cj) >z w(c') +w(ci). Therefore we eventually get a word to q in 
n {c y c i }] ±1 with 7r(cj g ) = tt(uj), in which the left to right contribution 
of Cj is the same as in co, which starts with yi...y q , and such that 

deg c .(w g ) <deg c .(w 9 _i)+ ^ dcg c (cj 9 _i). 

c£d(i,j) 

Using the induction hypothesis on and the fact that all brackets of length 
at least £ + 1 drop out, 

E de ScH-i) = 
ceCi(ij) 

< 

Hence, we have 

deg c .(w 9 ) < deg Cj (cj 9 _i) + ^ deg c (w 9 _i) 




deg H (w) 



□ 



E ElX 1 ) E 

c=c o eC 2 (i,j)P=0 v y ' £eC p (i,a) 

p=i v ^ 7 Hec p (ij) 



Lemma 6.13. There exists a constant C > sztc/i that for any word lo in 
[£* + (S) fl {c >: q}] ±:l luitt deg c u; < F c (d) for all c y a, there exists a word lj' 
in [£+(5) n {c y Ci}^ 1 in collected form: 

u/ = f[c? 

j=* 

suc/i i/iai 7r(cj') = tt(ui), Xj = dcg*. cj for those j such that w(cj) ~< 2w(ci) and 
\xj | < F Cj (Cd) for all i<j<t. 

Proof. The proof is by backward induction on i. For i = t, the statement holds 
trivially since commutators with c>c t commute. 
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Suppose the assertion holds for i + 1. Consider a word u> on [<£+(£) fl{c>; 
Ci}]^ 1 as in the lemma. Let {y%, y q } be the contribution of Cj to w, g = 
deg c . w. The previous lemma yields tu q — yi...y q uj' q , where lj' is a word in 
[<£+(<S) n {c y Ci+i}] ±:L . From the hypothesis on the degrees of lj, 



1 >k 



deg C3 K)<EL E f m 



p=o yP/l cec p (i,j) 

From definition of weight functions, if c G C p (i,j) thenF c i^. = F Cj . Further, #C p (i,j) < 
t = #£+(S) and q = deg c . lj < F Ci {d). Therefore, we obtain 

deg CJ (w 9 ) < tF Cj (d) 

< tF C] (d) [ y]q p F Ci (d)' P I < t(l + £)F C] (d). 




By assumption (|2.1I) . there exists a constant Ci such that 

t(l+£)F c (d) < F c (dd) 

for all c and d > 1. □ 

Lemma 16.131 with i = 1 proves Theorem I6.6f i) . Next we work on improving 
Theorem I6.6( i) in the special case of the free nilpotent group N(k,£). This 
improvement will be instrumental in proving Theorem l6.6f ii). It is based on the 
following important Lemma. 

Lemma 6.14. For each j, N(k, I)™ /N(k, £)j±i is a finitely generated free 
abelian group. 

Proof. The proof is by a backward induction on £. If £ = 1, N(k, 1) is the free 
abelian group on k generators and the desired result holds by inspection. Let 
g e N(k,£)f such that g £ N(k,£)f +1 . Let N £ = N(k,£)t be the center of 
N(k, £) (i.e., the subgroup generated by commutators of length £). Assume first 
that g £ N(k,£)f +1 N e . Since 

N(k,£)f +1 N e /N(k,£)f +1 ~ N t /[N(k,e)f +1 nNi], 

and N(k, t)f+i H Ni is generated by the basic commutators of weight Wj and 
length £, Np/[N(k, £)™ +1 nNe] is torsion free. It thus follows that g is not torsion 
mN(k,£)f/N(k,£)f +v 

Now, consider the case when g $ N(k,£)™ Ng. Let g' be the projection of g 
in N(K, £)/N e = N{k, £ - 1). Clearly g' e N(k, £ - l)f and g' <£ N(k, £ - l)f +1 
because the inverse image of N(k, £— under this projection is N(k, £)™ +1 Ne. 
Further, 



N(k, l)fN e /N(k, £)f +1 N e ~ N{k, £ - l)f/N(k, £ - 1 



j'+i- 



■54 



By the induction hypothesis, g' is not torsion in N(k, I — 1)™ /N(k, £ — It 
follows that g is not torsion in N(k, £)f /N(k, t)f +v □ 

Next, let (bi)i be a sequence of elements of £+(S) such that {hi : w(bi) = 
w.j} projects to a basis of N(k,£)f /N{k,f)f +1 . Let Rf be the rank of this 
torsion free abelian group and set m'j — Y2i so that r = m'^ . Set also 
rrij = max{i : w(ci) — wj}. Without loss of generality, we can assume that our 
ordering on <£+(S) is such that 

Lemma 6.15. Referring o the above setup and notation, there exists a constant 
C > such that for any word uj in {ci : w)(cj) y Wh}^ with deg Cj uj < F Cj (d) 
for all j, there is a word ujh 

i= m 'h-i+ 1 

such that Tt(u)h) = tt(w) and \xj \ < CF Cj {Cd), m' h _ 1 + 1 < j < m' h . 

Proof. The proof is by backward induction on h. When h = j*, iV(fc,£)!? is 
abelian and this is just linear algebra. 

For a word uj as in the lemma, Lemma 16.131 gives a word 

w'= II \xi\<F Ci {Cd) 

i>m h - 1 + l 

with the same image as oj. Set 

h(h) = {m h -x + 1, . . .,m h - x + R%}, I 2 (h) = {m h _i + R% + 1, . . ., m h } 
For i £ 12(h), Ci has the same image than 

n 

jeh(h) 

with Vi a word in {c p : w(c p ) >z Wh+i} . Hence 

11 ^ n f 11 <fA 11 

jeii(h) iei 2 (h) \jeh(h) J P>m h 
has the same image than uj. Applying Lemma 16.131 to this word uj" gives 

c j II c p 

jell(h) P>m h 
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with the same image than ui" and \x' p \ < F Cp (Cd) for p > m/j. Further, since 
F Ci ~ ~ F h , for i e h(h),j e h(h), we have 

|xj + «f ,jaii j < F Cj {Cd). 

ieh(h) 

Applying the induction hypothesis to rewrite ri P >m h c p p finishes the proof. □ 

Theorem 6.16. Assume that the free nilpotent group N(k,£) is equipped with 
its canonical generating k-tuple S — (si,...,Sfc) and a weight system ro and 
weight-function system $ such that (|2.1j) - (|2.2p hold true. Let bi, 1 < i < t, 
be a sequence of elements of C1_(S) with w(bi) ^ u>(6;+i), 1 < i < r — 1 and 
such that, for each j, {bi : w(bi) = Wj} is a basis of the free abelian group 
N{k,£)f/N(kJ)f +v Then 

(i) Any element g € N(k,£) can be expressed uniquely in the form 

T 

i=i 

Further, 

Fs\h\Ws)*)* max {F^d^l)}. 

l<z<r 

(ii) There exist an integer p and S {1, . . . , k} p such that any g £ N(k,£) 
with \\g\\<rrs),3 _ : Fs( r )> r > Q, can be expressed in the form 

p 

g = fl w with \ Vj \ < F h (Cr), j G {1, . . . ,p}. 
j=i 

Remark 6.17. This result is a strong version of Theorem l2.10l in the special case 
when G = JV(M). 

Proof of (i). The first assertion follows from Lemma 16.151 Uniqueness is clear 
if one considers the projections of g onto the successive free abelian groups 

N(k,e)f/N(k,e)f +1 . ' " □ 

The proof of the the second assertion requires some preparation. Given 
a commutator c with length m < £, let a = o-\...o m be the formal word on 
the alphabet S obtained from c by removing brackets and inverses. For = 
{a\,...,ae) € 7L l 8(a,c) is defined as the expression we get by substituting 
in c each o~i by cr"* , while keeping all the brackets and signs unchanged. For 
example, if c = [[s^ , s" 1 ], s^ 1 ], and "S* = (a l5 a2, a 3 , 0, 0), we have 

6(^,c) = [[ S -, S r-], s -3]. 
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Lemma 6.18. For a commutator c with length m < t, let a — ct\...a m be the 

formal word associated with it. Suppose ai,...,a TO G Z are such that \a,j\ < 
Fat (d) for all 1 < j < m, d > 0. Set a = (ax, a rn , 0, 0) £ Z^ and consider 
the element u g N(k,l) such that 

uc ai - a " = Q(~ot,c). 

Then u can be represented by a word u> on {cj : w{cj) y u>(c)} ±:L wzi/i deg Cj . (w) < 
F Cj {Cd) for all Cj with w{cj) y w(c). 

Proof. The proof is by induction on the length m of the commutator c. When 
m = 1, the statement is trivial. 

Suppose the statement is true for commutators of length < m — 1. Let c 
be a commutator with length m, say c = [/i,/2], where /i,/ 2 are commu- 
tators of length mi, m2 < m. Write "a^i = (ai, a mi , 0, 0) and a 2 = 
(a mi+ i, ...,a mi+ „ l2 ,0, ...,0), then by definition 

e(^, c ) = [e(^ 1 ,/ 1 ),e(^ 2 ,/ 2 )]. 

By the induction hypothesis, 

6(^1, A) = u x /f -° rai , 6(^2, f 2 ) = U2 ^»i+i-«»»i+» a 

where ui can be represented by a word oj\ in commutators c p with w(c p ) y w(fi) 
and deg Cp (a;) < F Cp (Cd). Similarly, u 2 can be represented by a word u; 2 in 
commutators c p with w(c p ) y u>(/ 2 ) and deg Cp (u;) < F Cp (Cd). 

Suppose w(fi) = Whu w(f 2 ) = w h2 , and w([f u f 2 ]) = w h . By the natural 
group homomorphism 

K/K+i ® K/K+i -+ N h/K +1 , 

we have that 

[ec^^/xj.ec^a./a)] = [/ a 1 ...« mi)/ a™ I+1 ... ami+m2] modJV » +i 

_ [/i)/2]ai ...a mi+m2 mod ^ +1 
= C ai - Qm mod N% +v 

Therefore u = @(~a* ,c)c~ ai - a ™ e JV^_ l5 and since 

u= [ Ul ^-«* 1>ti9 y ! »*i+i-»* I +* a ] c -a 1 ...a* ) 

it can be represented by a word cj such that deg c . uj < 5F Ci (Cd) for all i. Then 
by Theorem 16. 16f i) . we have 

u= n 

y.w{b } )yw h 

with < F bj (C'd). □ 
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Lemma 6.19. For any ft, there exist constants Mh > and Ch > such that, 
for any c € with w(c) >r W%, there a integer p = p{c) with < p < Mh 

and ap-tuple . . . , i p ) £ {1, . . . , k} p , such that for any i£Z with \x\ < F c (d), 
d > 0, we have 

Proof. The proof is by backward induction on ft,. When ft, = and c is a 
commutator with 10(c) = Wj* , let a = o\...o~ m , o~i £ {si, . . . , s^} be the formal 
word associated with c (by forgetting brackets and inverses). Write 

x = a o n i F °i w\ + ai n i F °i ^\ + •■• + am - 1 ^ ( rf )j + a ™ 

with Oj £ Z, |a | < C and |a,-| < F aj {d). Write 

= (ao \F ax {d)\ , \_F<j 2 [d)\ L^a m (d)J). 

^ = (1^,0* L^ +1 (<0J L^m('OJ), 
3-1 

then 

= e(^i,c)...e("^ fc ,c) mod iV(M)™+i- 

Since N(k,£)j' t+1 — {e}, we actually have equality. Unraveling the brackets in 
Q(~ctj,c) we get an expression in the powers of the generators satisfying the 
desired conditions. 

Suppose the claim holds for ft + 1. Given a commutator c with w(c) — Wh, 
let again <ti , . . . a m (m depends on c) be the formal word on the generators 
associated with c. For x £ Z, x < F c (d), decompose x as above and use 
Lemma 16.181 to write 

c x = UQ 1 O(l? ,c)...u^ 1 Q(~ct m ,c) 

where tt, £ iV(fe, can be represented by a word Ui with deg Cj Uj < F c . (Cd) 

for all j. By Lemma |6.15[ can also be represented in the form n^h+i 
with \yi t j | < Fb j (Cd). Applying the induction hypothesis to each terms of these 
products we can now write c x in the desired form c x = sf 1 s X2 ...s^ p . □ 

Proof of Assertion (ii) in Theorem \6.1(A By Theorem 16 . 16f i) . any g £ N(k,£) 
with < Fg (r), r > 0, as a unique representation of the form g = Y[[ bj 3 

with \xj\ < F^ACr). Applying Lemma 16.191 with c = bj,x — Xj for each 
j = l,...,r produces a sequence ((i n )i (independent of g) and a sequence 
(x' n ) £ V (depending on g) with |a;'J < F Si (Cr) for all n £ {l,...,p} and 
such that 

p 
1 

□ 
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6.3 End of the proof of Theorem I27T01 

In order to finish the proof of Theorem 12.101 for a general finitely generated 
nilpotcnt group G, we simply need to improve upon Theorem I6.6f i). Namely, 
Theorem l6.6lT j provide a decomposition of any element g with ||/||e(sr) 5 < Fs( r ) 
in the form 

9 = \xi\<F Ci {Cr). 
1 

Here (ci)\ is an enumeration of <£*L(S) so that w(ci) ^ it)(ci+i). 

Now, let be a collection of formal commutators with w(pi) ^ w(b i+ i). 
For j e {1, . . . , j*}, let 

nij = max{i : w(bi) = Wj}. 

Clearly, w(bi) — Wj if and only if rrij-i + 1 < i < rrij. Recall that R™ is 
the torsion free rank of the abelian group G™/G™ +1 . We make two natural 
assumptions on the sequence (bi): 

(Al) For each j, {b^ : mj-i < i < rrij} generates G™ modulo G™ +1 . 

(A2) For each j, {b[ : rrij-i < i < m^i + Rf} is free in G™ /G™ +1 . 

Note that, since i?" is the torsion free rank of G™ /G™ +1 , (A2) implies that (the 
image of) {b^ : rrij-i < i < rrij-i + RJ 1 } generates a subgroup of finite index in 

Lemma 6.20. Referring to the notion introduce above, assume that {bi)\ sat- 
isfies (Al). Then there exists C £ (0, 00) such that, for any h = 1, . . . , j», any 
g G G that can be written in the form 

9 = ]J ' Xl - Fc *( r ) 

i:w(ci )^Wh 

can also be written in the from 

9= II b V> \*i\<F bi {Cr). 

Proof. The proof is by backward induction on h and is similar to the proof of 
Lemma \Q. 151 The details are omitted. □ 

Proposition 6.21. Assume that, for each j , the image of 

{bi : m,j-i + 1 < i < "ij-i + Rj] 

in G™ /G™ +1 generates a subgroup of finite index in G™/G™ +1 . Then there exists 
a constant C > such that for any wordw in {bi : w(bi) >z Wh} with deg fc . u < 
Fbt ( r ) for all i, there is a word uj' of the form 

j= n ^ 

j=mh_i+l 
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i F b . (Cr) for m._i + 1 < i < m,-_i + Rf 

Xi\<{ 'I, „ , „ m . , t . ^ 3 



with 

1^1 " { C Jo, in, j + /?7 + I -- : / ; m j 

for j £ {h, . . . , j*} and such that 7r(u/) = ?r(w). 

Proof. The proof is by backward induction on h. When h = j*,G™ is abelian 
and the desired result holds. 

In general, let to as in the proposition. By an application of Lemmas 16.131 
16.201 we obtain a word w\ — Ilj- = m h _i+i^ J with \xj\ < (Cr) for all j > 
mh—i + 1 and such that tt(uj) = 7t(cl>i). 

By hypothesis, the images of the commutators bj, to^-i + I < j < mh-i+R™ , 
generates a subgroup of finite index in G™/G™ +1 . Let Nh denote the index. 

Then for wih-i + R™ + 1 < j < m^, there exists ...,a^„ S Z such that 

(3) a <J ™ 

= C 1 +i -b h iR ™ mod G?\ ! , 

that is 

n(bf h ) = n(b°2 ,,...b h .^vA 



where Vj is a word in {q : io(c) >r Wh+i} ■ In 



-i= n ^ 



for each j e {m/,_i + i?" + 1, . . . , m/,}, write a^- = ZjiV/, + yj with < Uj < Nh 
and replace o^* by the word 



This produce a new word 

li >>, • li <w- li 3 

j'=m h _i+l j=mn + H-SJ j=m h + l 

satisfying tt(lj[) = tt(oji). For mh-i + 1 < j < + 



deg 6 . < 1^-1+ ^ 

"ih-i + -R™+l<»<"Jfe 



,(0 



By hypothesis, deg bi cj < (Grf) < ~Fh(C\d) for all m^_i + 1 < j < mh and 
max{|a^ | : m h -i + R% + 1 < * < m h , 1 < n < R.%} = C h < oo. 
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Hence, for mu-i + 1 < j < mh-i + R%, we obtain 

deg 6 . wj < Ci(m h - m h _!)F h (Cd) < F h (C 2 d). 

For m/j_i + + 1 < j < nih, deg b . u> < Nh- Finally, for any c G {cj : 1 < i < i} 
with u>(c) >- Wh, we have F c >- and 

deg c o;i < deg c wi+ ^ \z k \deg c v k 

m h ^ 1 + R™ + l<k<mh 

< F c (C 3 d). 

Applying Lemmas 16. 13tf6T20l to uj^, we obtain a word oj' with 7t(oj) = 7r(u/) and 

II II ? II 

j=m h _ 1 +l j=rn h _ 1 +l+_R™ j>mft 

where < F h (Cid) for mft_i + 1 < j < mu-i + R%; < yj < N h for 

mh-i + R% + 1 — J — m hi an d < F Cj {C' 2 d) for all j > mj,. Now, apply the 

t — 

induction hypothesis to Jl bj 3 , to obtain the desired conclusion. □ 

We end with the following simple improvement of the last statement in 
Theorem 12.101 The p[roof is a simple combination of the previous proposition 
together with Lemma \6. 191 

Theorem 6.22. Let G be a nilpotent group equipped with a generating k-tuple 
S = (s±, . . . , Sfe). Let to, # be weight and weight-function systems on S satisfying 
(|2.1j) - (|2.2[) . Let E = (ci, . . . , Ct) be a tuple of formal commutators in £(S) with 
non- decreasing weights w(c\) -< ■ ■ ■ ^ w(ct). Let rrij, j = 0, . . . ,j* be defined by 

{ci : w(a) = Wj} = {ci : rrij-i < i < rrij}. 

Assume that (the image of) {ci : w(ci) — Wj} generates modulo G™ +1 and 
that : rrij-i < i < rrij-i + Rf} is free in G^ /Gf +1 . 

There exist an integer p = p(G,S,$), a constant C = C(G,S,$) and a 
sequence (i\, . . . , i p ) € {1, . . . , k} p such that if g can be expressed as a word u> 
over £(S) with deg c (w) < F c (r) for some r > 1 and all c G £{S) then g can be 
expressed in the form 

a - 17 H Xi with It l< C I Fi * W lf Si * 6 COTe(5 ' W ' E) 
j'=i 

References 

[1] Martin T. Barlow, Alexander Grigor'yan, and Takashi Kumagai. Heat 
kernel upper bounds for jump processes and the first exit time. J. Reine 
Angew. Math., 626:135-157, 2009. 



61 



[2] H. Bass. The degree of polynomial growth of finitely generated nilpotent 
groups. Proc. London Math. Soc. (3), 25:603-614, 1972. 

[3] A. Bendikov and L. Saloff-Coste. Random walks driven by low moment 
measures, to appear in Annals of Probability, 2010. 

[4] A. Bendikov and L. Saloff-Coste. Random walks on groups and discrete 
subordination. Math. Nachr., 285(5-6):580-605, 2012. 

[5] N. H. Bingham, C. M. Goldie, and J. L. Teugels. Regular variation, vol- 
ume 27 of Encyclopedia of Mathematics and its Applications. Cambridge 
University Press, Cambridge, 1987. 

[6] Thierry Coulhon. Ultracontractivity and Nash type inequalities. J. Fund. 
Anal, 141(2):510-539, 1996. 

[7] Willem A. de Graaf. Classification of 6-dimensional nilpotent Lie algebras 
over fields of characteristic not 2. J. Algebra, 309(2):640-653, 2007. 

[8] P. Griffin. Matrix normalized sums of independent identically distributed 
random vectors. Ann. Probab., 14, no. 1:224-246, 1986. 

[9] Marshall Hall, Jr. The theory of groups. Chelsea Publishing Co., New York, 
1976. Reprinting of the 1968 edition. 

[10] Philip Hall. The collected works of Philip Hall. Oxford Science Publications. 
The Clarendon Press Oxford University Press, New York, 1988. Compiled 
and with a preface by K. W. Gruenberg and J. E. Roseblade, With an 
obituary by Roseblade. 

[11] W. Hebisch and L. Saloff-Coste. Gaussian estimates for Markov chains and 
random walks on groups. Ann. Probab., 21(2):673-709, 1993. 

[12] Harry Kesten. Full Banach mean values on countable groups. Math. Scand., 
7:146-156, 1959. 

[13] Harry Kesten. Symmetric random walks on groups. Trans. Amer. Math. 
Soc, 92:336-354, 1959. 

[14] Ch. Pittet and Saloff-Coste L. A survey on the relationships between vol- 
ume growth, isoperimctry, and the behavior of simple random walk on cay- 
ley graphs, with examples. Available on second second author web page, 
2000. 

[15] Ch. Pittet and L. Saloff-Coste. On the stability of the behavior of random 
walks on groups. J. Geom. Anal, 10(4):713-737, 2000. 

[16] L. Saloff-Coste and T. Zheng. Return probability estimates for some radial 
measures. In preparation, 2012. 



62 



[17] Laurent Saloff-Coste. Sur la decroissance des puissances de convolution sur 
les groupes. Bull. Set. Math. (2), 113(1):3-21, 1989. 

[18] Laurent Saloff-Coste. Sobolev inequalities and polynomial decay of convo- 
lution powers and random walks. In Stochastic analysis and applications 
(Lisbon, 1989), volume 26 of Progr. Probab., pages 176-189. Birkhauser 
Boston, Boston, MA, 1991. 

[19] Laurent Saloff-Coste. Probability on groups: random walks and invariant 
diffusions. Notices Amer. Math. Soc, 48(9):968-977, 2001. 

[20] Laurent Saloff-Coste. Analysis on Riemannian co-compact covers. In Sur- 
veys in differential geometry. Vol. IX, Surv. Differ. Geom., IX, pages 351- 
384. Int. Press, Somerville, MA, 2004. 

[21] Frank Spitzer. Principles of random walk. The University Series in Higher 
Mathematics. D. Van Nostrand Co., Inc., Princeton, N.J. -Toronto- London, 
1964. 

[22] Jacques Tits. Appendix to: "Groups of polynomial growth and expanding 
maps" [Inst. Hautes Etudes Sci. Publ. Math. No. 53 (1981), 53-73] by M. 
Gromov. Inst. Hautes Etudes Sci. Publ. Math., (53):74-78, 1981. 

[23] N. Th. Varopoulos. Convolution powers on locally compact groups. Bull. 
Sci. Math. (2), lll(4):333-342, 1987. 

[24] N. Th. Varopoulos, L. Saloff-Coste, and T. Coulhon. Analysis and geometry 
on groups, volume 100 of Cambridge Tracts in Mathematics. Cambridge 
University Press, Cambridge, 1992. 



63 



